Lecture Notes:

Commutative Algebra
&

Introduction to Algebraic Geometry

ProF. DR. VLADIMIR LAZIC,
DR. MASSIMILANO ALESSANDRO

(Based on the notes taken by Friedrich Giinther and Niklas Miiller in Summer Term 2019)



Contents

(1 Rings and ldeals|
1.1 Ideals: Examples and Operations| . . . . .. ... ... ... ...
(1.2 Prime Ideals and Maximal Idealsl . . . .. ... ... ... ... ..

2 Modules
2.1 Submodules and Quotient Modules| . . . . . . ... ... ... ..
[2.2  Operations on Submodules| . . . . . . . ... ... ... ... ...

2.3 Direct Sums and Direct Productsl . . . .. ... ... ... ...
2.4 Finitely Generated Modules| . . . . . . ... ... ... ... ...
[2.5  Exact Sequences| . . . .. . ...

[2.7  Algebras, Restriction and Extension of Scalars| . . . . . . . . . ..
[2.8  Tensor Product ot Algebras| . . . ... .. ... ... ... ....

B Tocalizations

[3.1.1 Submodules and Canonical [somorphisms. . . . . . . . ..
[3.2  Local Properties ot Rings and Modules| . . . . . . ... ... ...
[3.3 Ideals in Ring of Fractions| . . . . . . . ... ... ... ... ...

[4  Integral Dependence)
[4.1  Going-Up Theorem| . . . . . . . . .. ... ... ... ... ....
[4.2  Integral Closurel . . . . . . . . .. ... ...
[4.3  Going-Down Theorem| . . . ... ... .. ... ... ... ....

[ Noetherian Modules and Rings|




Chapter 1

Rings and Ideals

In this chapter, we introduce and study some basic notions and results concerning
rings and ideals. Note that some of them were already presented in the courses
“Lineare Algebra I” and “Algebra”, but are included here for completeness and
clarity.

Throughout these notes, all rings are assumed to be commutative with identity,
unless explicitly stated otherwise. In particular, any nontrivial ring R # {0}
contains at least two different elements: 0 and 1.

Definition 1.1. Let R and S be rings. A ring homomorphism ¢: R — S is a
map fulfilling the following properties:

(a) oz +y) =p(r) +@(y) forall 7,y € R,
(b) ¢(zy) = p(x)p(y) for all z,y € R,
(c) p(1gr) = 1s.
Note that property (c¢) does not hold automatically and hence must be required.

Example 1.2. Let R and S be nontrivial rings. The following maps between
rings fulfill (a) and (b), but not (c).

(1) The zero map R — S, =z — 0.
(2) The map R — R x R, x +— (z,0).
(3) The map Z/6Z — Z/6Z, 7 +— 3 - 7.

Definition 1.3. Let R be a ring. A subset S C R is a subring of R if it is a ring
with respect to the operations induced by those in R and moreover 15 € S.

Remark 1.4. Let R be a ring and let S C R be a subset.

(a) The subset S is a subring if and only if it is closed under subtraction and
under multiplication and 1z € S.
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(b) If S is a subring, then the inclusion map S — R, x — x, is a ring homomor-
phism.

Remark 1.5. In the definition of a subring S C R, the condition 1z € S is not
automatically satisfied and must be imposed. Indeed, a subset of a ring may itself
form a ring under the induced operations without containing the identity element
of the larger ring. For example, let R be a nontrivial ring and consider

S:={(z,0)|r€ R} CRXR.

The subset S is a ring under the operations inherited from R x R: indeed,
S is nonempty, closed under subtraction and multiplication, and (1,0) is the
multiplicative identity of S. However, the identity element of R x R is (1,1) and
since R is nontrivial we have (1,0) # (1,1). Since (1,1) ¢ S, the ring S is not a
subring of R x R.

Definition 1.6. Let R be a ring and let a,b € R. We say that b divides a, or
that b is a divisor of a, and write b | a, if there exists an element ¢ € R such that
a = bc.

Definition 1.7. Let R be a ring and let r € R.

(a) The element r is called a unit if it is invertible with respect to multiplication,
i.e., there exists s € R such that rs = 1. We denote by R* the set of all
units in R. Notice that (R*,-) is an abelian group.

(b) The element r is called a zero divisor if there exists s € R\ {0} such that
rs = 0. A nontrivial ring whose only zero divisor is 0 is called an integral
domain.

(c) The element r is called nilpotent if there exists n € Ny such that r* = 0.
(d) Assume now that r # 0 and r ¢ R*.

(i) The element r is called prime if for all a,b € R
rlab = r|a or 7r]|b.
(ii) The element r is called irreducible if for all a,b € R
r=ab = a€R or beR".

Remark 1.8.

(a) In a nontrivial ring any nilpotent element is a zero divisor. However, the
converse is not true in general. For instance, in the ring Z/67Z the element 2
is a zero divisor, but it is not nilpotent.
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(b) In general, the notions of prime and irreducible elements are independent:
a prime element need not be irreducible, and an irreducible element need
not be prime. For instance, in the ring Z x Z the element (1,0) is prime,
but not irreducible since (1,0) = (1,0) - (1,0). Also, in the ring Z[iv/5] :=
{a + biv/5 | a,b € Z} the element 2 is irreducible, but not prime. Thus,
without additional assumptions on the ring, there is no implication between
the two concepts. However, in special classes of rings the situation improves:

(i) In an integral domain, every prime element is irreducible.

(ii) In a unique factorization domain (UFD), the two notions coincide.

1.1 Ideals: Examples and Operations

Definition 1.9. Let (R, +,-) be a ring. A subset I C R is called an ideal if:
(a) (I,+) is a subgroup of (R,+), and
(b) for all r € R, for all a € I, it holds ra € 1.
We give now some examples of ideals and define operations on them.
Example 1.10. Let R be a ring.
(a) The subsets {0} and R are ideal and are called trivial ideals.
(b) Given two ideals I, J C R, we define
I+J={i+jliel, jeJ},
IJ::{Zn:iijneN, iy €1, jkeJ},
k=1
]ﬂJ::{a|a€Ianda€J}.
All three of them are ideals and it holds I.J C I N J. Notice that
IUJ::{a|a€[0ra€J}

is an ideal if and only if I C J or J C I.

(c) Let {I,}aca be a family of ideals in R. We define

Z 1, = { Z o ‘ iq € I, for all a € A and i, # 0 only for finitely many oz},
acA acA

ﬂ Ia::{a‘aelaforallaeA}.
acA
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Both of them are ideals. Now, assume that {I,}.c. is a chain of ideals, i.e.,
for any o, 8 € A, either I, C Iz or I3 C I,. Then,

U [a::{a‘aelaforsomeaefl}
acA

is also an ideal.

(d) Let a € R. We define
(a) :={)Xa | X € R}.

This is an ideal called the ideal generated by a; we denote it by aR as well.

(e) Let I C R be an ideal. We say that [ is principal if there exists a € R such
that I = (a).

(f) Let ay,...,a, € R. We define

(a1,...,a,) =R+ ...+ a,R = {Zx\iai /\iER}.
i=1

This is called the ideal generated by ay,. .. ,a,.
(g) Let {a;}ica be a subset of R. We define

(ai>i€A = Z a; ;.

ieA
This is called the ideal generated by the subset {a;}ica.

(h) Let I C R be an ideal. We say that the subset {a; | i € A} C I is a system
of generators for I if I = (a;);ea. The ideal I is said to be finitely generated
if there exists a finite system of generators for I.

Remark 1.11.

(a) Let R be a ring and let I C R be an ideal. If 1z € I, then I = R. In
particular, a proper ideal I C R is not a subring of R.

(b) A proper ideal I C R of a ring R might be itself a ring. In this case, 1; # 1g
is an idempotent element of R. For instance, the ring S C R X R given
in Remark is an ideal in R x R. A natural question then arises: does
there exist an example of a subset of a ring that is itself a ring but neither a
subring nor an ideal of the ambient ring? The answer is positive. Indeed, the
same ring S can be regarded as a subset of the polynomial ring (R x R)[z],
but it is neither a subring nor an ideal of (R x R)[z].
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1.2 Prime Ideals and Maximal Ideals

Definition 1.12. Let R be a ring and let I C R be a proper ideal.

(a) The ideal I is called prime if for any a,b € I

abel = ac€lorbel.

(b) The ideal I is called mazimal if for any ideal J

ICJCR = J=1lorJ=R.

Proposition 1.13. Let R be a ring and let I C R be a proper ideal.
(i) The ideal I is prime if and only if R/I is an integral domain.
(ii) The ideal I is maximal if and only if R/ is a field.

Corollary 1.14. In a ring any mazimal ideal is prime.

The converse does not hold true in general.
Example 1.15. Let R be a ring and let I C R be a proper ideal.

(a) If R is an integral domain that is not a field, then I = (0) is prime, but not
maximal.

(b) In R = Z[xz,y], the ideal I = (x) is prime, but not maximal since
() € (2,y)  Zlz,y].

Proposition 1.16. Let R be a ring and let I C R be an ideal. There is a one-
to-one inclusion-preserving correspondence between the ideals of R containing I
and the ideals of R/I. Under this correspondence, prime (resp. maximal) ideals
correspond to prime (resp. mazimal) ideals.

Hint: Let m: R — R/I be the canonical projection. If J is an ideal in R/I,
then 7=1(J) is an ideal in R containing I.

Proof. Exercise. O]
Proposition 1.17. (i) Every nontrivial ring R # 0 has a maximal ideal.

(ii) Let R be a ring and let I C R be a proper ideal. Then there ezists in R a
maximal ideal containing I.
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Proof. (i) Let Z := {I’ € R | I is an ideal of R}. Since (0) € Z, the set Z
ordered by inclusion is a nonempty partially ordered set (poset for short).
Let {I,}aca be a chain in Z, i.e., a totally ordered family of proper ideals in
R. Since Uy 1o 1s a proper ideal, every totally ordered subset of Z has an
upper bound in Z. Hence, by Zorn’s Lemma, there exists a maximal element
for the poset (Z,C), i.e., a maximal ideal in R.

(ii) Apply (i) to the quotient ring R/I and then the one-to-one inclusion-
preserving correspondence given by Proposition [I.16] Alternatively, argue as
in (i) setting

Z:={ICI'CR|Iisan ideal of R}.

m
Corollary 1.18. Every non-unit of a ring R is contained in a mazximal ideal.

Proof. Let r € R\ R*. Then the principal ideal (r) is a proper ideal of R. Now
we apply Proposition [L.17] (ii) and we are done. ]

Proposition 1.19. Let R be a ring.

(i) Let p1,...,pn C R be prime ideals and let I C R be an ideal such that
I CUYyp;. Then I Cp; for somei € {1,...,n}.

(ii) Let I,...,I, C R be ideals and let p T R be a prime ideal such that
p 2N ;. Thenp 2 I; for some j € {1,...,n}. Moreover, if p=j_, I
then p = I, for some j € {1,...,n}.

Proof. (i) The statement will be shown by induction on n in the form: If I ¢ p;
for 1 <i<n,then I £ U ,p.

For n = 1 the statement is trivial. Let now n > 2 and assume the statement
is true for n — 1. Then for each 1 < i < n by the inductive hypothesis there
exists z; € I such that z; ¢ p; for all j # 4. If for some 1 < i < n it holds
x; ¢ p;, then z; ¢ p; for all 1 < j < n, thus we are done. Otherwise, it holds
x; € p; for all 1 <7 < n. Consider the element

n
Y = Z.’Elxg e L1411 - - Ty

=1

Note that y € I and y ¢ p, for all 1 < i < n. Indeed, assume by contradiction
that y € p; for some i. Then x1xs9...2; 1241 ... 2, € p; since each of the
other summands is a multiple of z; € p; and hence in p;. But then, since
p; is prime, we would have z; € p; for some j # i, a contradiction. Hence
y ¢ U, p; and we are done.



CHAPTER 1. RINGS AND IDEALS 7

(ii) Assume that p 2 I; for all 1 < j <n. Then there exists z; € I; but x; ¢ p
for each 1 < j <n. Thus

n n n
[Hzell N
j=1 j=1 j=1

But, since p is prime, [[}_; z; ¢ p and thus p 2 Nj=1 1.

Now, if p = j_; I;, then in particular we have p 2 Nj_; [; and therefore
there is some jo € {1,...,n} such that I, C p. On the other hand, p C I,
for 1 < j <n, hence p = I;,.

O

1.3 Nilradical, Jacobson Radical and Local Rings

Proposition/Definition 1.20. Let R be a ring and let I C R be an ideal. The
set
VI:={aeR|a" €I for somen e Nsg}

15 an ideal called the radical of I.

Proof. Let € R and let a € I. Then a” € I for some n € Nsy and so
(ra)” = r"a” € I since I is an ideal. Now let z,y € v/I. Then there exist
n,m € Ny such that 2™, y™ € I. By the binomial formula we get

m+n—1
(l’ + y)m+n—1 _ Z <m +n— 1) xkym—l—n—l—k 7
k=0 k —

el

hence, (z + y)™™™~! € I, which implies z +y € V1. Thus, we have shown that
VT is indeed an ideal.
]

Proposition 1.21. Let R be a ring. Let I and J be two ideals in R. Then:
(i) VIDI,
(i) VI =1,
(iii) VIJ =VINJ=+vVINVJ.
() VI=R < I =R,
Definition 1.22. Let R be a ring. The nilradical of R is defined as
NR::\/@:{aefﬂa":Oforsomen€N>0}.

In other words, the set of nilpotent elements in R is indeed an ideal called the
nilradical of R.
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Proposition 1.23. Let R be a ring. Then in the quotient ring R/Ng the only
nilpotent element is 0.

Proof. Let [x] € R/Ng be nilpotent. This means there is £ € N such that
[z]¥ = [2*] = 0 in R/Ng, hence 2* € Ng. Because z¥ € Ng, there is | € N
such that (zF)! = 2" = 0 in R, and thus € Ng. Because z € Ng, [z] = 0 in
R/Np. O

The following theorem describes the nilradical of a ring and, more in general,
the radical of any ideal.

Theorem 1.24. Let R be a ring and let I C R be an ideal. Then:

(i) The nilradical of R is the intersection of all prime ideals of R, i.e.,

Np= ) P.
PCR
prime

(ii) The radical of I is the intersection of all prime ideals containing I, i.e.,

Vi= () P.

ICPCR
prime

Proof. (i) “C”: Let P’ C R be a prime ideal in R. If z € Ng, there is k € N such
that ¥ = 0 € P'. Since P’ is prime, it holds # € P/, and thus N C () pcr P.

prime
“27: Let now x € R\ Ng and let S, be the set of proper ideals I C R with
the property that if n € Ny, then 2™ ¢ I. Since (0) € S,, the set S, is a
nonempty poset (with respect to inclusion). As in the proof of Proposition
1.17| (i), by Zorn’s Lemma S, has a maximal element, say P’.

We show now that P’ is a prime ideal in R. To see this, let a,b € R\ P'.
Then the ideals (a) + P’ and (b) 4+ P’ are strictly larger than P’ (with respect
to inclusion) and thus are not in S,. Since (a) + P, (b) + P’ ¢ S,, there is
m € N.g such that ™ € (a)+ P’ and there is k € Ny such that z* € (b)+ P’
Thus 2™z* = 2™ € [(a) + P'][(b) + P'] C (ab) + P'. Since 2™ € (ab) + P,
the ideal (ab) + P' ¢ S,, and thus (ab) + P’ 2 P’, which implies ab ¢ P'.
Finally, we have found a prime ideal P’ such that P’ € S,. By definition of
S., the ideal P’ does not contain any power of . In particular, x ¢ P’ and
hence x ¢ N pcr P.
prime
(ii) Let 7: R — R/I be the canonical projection. Note that 7~*(Ng/;) = V/I.
Hence, we first apply (i) to the ring R/I and then use the correspondence
between prime ideals in R containing I and prime ideals in R/I given by
Proposition [1.16]
[



CHAPTER 1. RINGS AND IDEALS 9

Definition 1.25. Let R be a ring. The Jacobson radical Jr of R is definded as
the intersection of all maximal ideals, i.e.,

JR = m m.

mCR
maximal
Proposition 1.26. Let R be a ring. The Jacobson radical Jg admits the following
description
Jr={r€R|1—xy € R forally € R}.

Proof. “C”: Let x € Jr and assume that 1 — zy is not a unit for some y € R.
Then by Proposition [1.17] (ii) the element 1 — zy is contained in some maximal
ideal m of R and by definition of Jacobson radical, z € m as well. But then 1 € m,
which is a contradiction.

“D7 Ifx ¢ Jg, then ¢ m for some maximal ideal m in R. Hence, (z)+m 2 m
and thus (z)+m = (1), i.e., there are elements y € R and z € m such that zy+z = 1.
In other words, the element 1 —xy = 2z € m and therefore 1 — xy is not a unit. [J

Definition 1.27. A ring R is called local if it contains only one maximal ideal
m. Then the quotient R/m is a field, called the residue field of R. In literature, a
local ring is often denoted by (R, m) or (R, m, k), where k := R/m.

Proposition 1.28. (i) Let R be a ring and let m C R be an ideal such that
every element in R\ m is a unit. Then R is a local ring and m is its unique
mazimal ideal.

(ii) Let R be a ring and let m C R be a mazimal ideal such that every element
in the set 1 + m:= {1+ x|z € m} is a unit. Then R is local and m is its
unique maximal ideal.

Proof. Exercise. n

1.4 Chinese Remainer Theorem

Definition 1.29. Let R be a ring and let I, J C R be ideals. Then I and J are
called coprime (or comazximal) if I + J = R.

Remark 1.30. Let R be a ring and [, J be ideals in R.
(i) If the ideals I, J are coprime, it holds IJ = 1N J.

(ii) Two ideals I, J C R are coprime if and only if there exist i € I, j € J such
that 1 + 7 = 1.
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Proposition 1.31 (Chinese Remainder Theorem). Let R be a ring and I, ..., I,
R be ideals. We define a ring homomorphism by

N

¢: R— [[(R/I)), r— (x+1,...,0+1,).

j=1
(i) If I, and I, are coprime for k # 1, then [Tj_ I; = (j—; 1.
(ii) @ is surjective if and only if I}, and I; are coprime for k # 1.

(i) @ is injective if and only if N;_, I; = (0).

1.5 Hilbert’s Basis Theorem

Definition 1.32. A ring R is called Noetherian if every ascending chain of ideals
LCLC...CI,C...
is stationary, i.e., there exists N € Ny, such that I, = Iy for k > N.

Example 1.33. Any principal ideal domain (PID) is a Noetherian ring, as shown
in the course “Algebra”.

The following well-known theorem allows us to construct new Noetherian rings
from a given one.

Theorem 1.34 (Hilbert’s Basis Theorem). Let R be a Noetherien ring. Then
Rlzy,...,z,] is also Noetherian.

Proof. First of all, it suffices to show the theorem when n = 1 since

Rlzy,...,x,] = Rlzy, ..., 20 1][zn)]
By contradiction, assume R[x] is not Noetherian. Let I; C Iy € ... be a
strictly ascending chain of ideals. Set I := U,y In. We construct a sequence

{f1, f2,...} of polynomials in R[z] as follows:
(a) We choose f; € I — {0} of minimal degree.

(b) Assume we found fi, fo,..., fn_1. We pick f, in I'\ (f1,..., fn_1) of minimal
degree.

Note that this is a well-defined construction: indeed, N is well-ordered and step
(b) is repeated infinitely many times since the given chain of ideals is strictly
ascending.

Claim 1. deg(f,) > deg(fn-1) for n > 2.
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Proof of Claim[1. First of all, deg(f2) > deg(f1) by (a). Assume by contradiction
deg(f,) < deg(f,—1) for some n > 3. Since by construction f,, € I\(f1,..., fn_1) C
I\ (f1,..., fa—2), we found a polynomial in I\ (fi,..., fn_2) whose degree is lower
than deg(f,_1), against the choice of f,, 1 as a polynomial in I\ (f1,..., fn_2) of
minimal degree. O

For i € N define a; € R to be the leading coefficient of f; and define the
ideal J; := (aq,...,a;). We have then an ascending chain of ideals of R, namely
Ji1 € Jy, C J3 C.... As R is noetherian, there is N € N such that J, = Jy for
all k > N. Consider the element ayy; € Jyvi1 = Jy = (aq,...,a,). Then for
1 <14 < N there are u; € R such that ay,, = Efil u;a;. Now set

fJ/V+1 — ulgb,deg(fzwrl)—deg(fl)f1 44 uNxdeg(fN_H)—deg(fN)fN‘

The leading term of fy ., is an12098UN+1) and i1 € (fi,-.., fn). Consider the
polynomial

g = fz/v+1 — Nyt
It holds g € I\ (f1,...,fn) since otherwise fyi1 = fyi1 —9 € (fi,..., fn).

Moreover, by construction deg(g) < deg(fy+1) and this contradicts the choice of
fn+1 as a polynomial in I\ (fi,..., fy) of minimal degree. [



Chapter 2

Modules

Definition 2.1. Let A be a ring. An A-module is an abelian group (M, +) together
with amap p: AXM — M, (a,m) — a-m = u(a, m), which satisfies the following
properties for all a,b € A and for all z,y € M:

(a) a(x +y) = ax + ay,

(b) (a+0b)z = ax + bz,

(c) (ab)x = a(bx),
(d) 1

Example 2.2. Let A be a ring. The following are some examples of modules:
(a) An ideal I C A is an A-module. In particular, A is itself an A-module.
(b) If A is a field, then an A-module is an A-vector space.

(c) Let (G,+) be an abelian group. Then G is a Z-module with respect to the
scalar multiplication

r+... .+ ifn>0
N————
n—times

neEe= (—x)+... 4+ (—x) ifn<0

(—n)—times

(d) Assume A = k[X], where k is a field. Let V' be a k-vector space and let
T € End(V) be a linear map. Then we can regard V' as an A-module via
the following construction: for f =" a, X" € k[X] set f(T) := X", a;T"
and define p: k[X]| x V — V for f € k[X] and v € V by

frvi=f(T)(v).

12
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Definition 2.3. Let A be a ring and M, N be A-modules. A map f: M — N is
called an A-module homomorphism (or A-linear) if the following properties are
satisfied:

() f(o+y) = f@) + f(y) for all 2,y € M,
(ii) f(ax)=af(z) for all x € M, for all a € A.
Example 2.4. If A is a field, then an A-module homomorphism is a linear map.
Remark 2.5.

(a) Let M, N be A-modules. The set Hom4 (M, N) of all A-module homomor-
phisms from M to N is an A-module in the following way. We define the
sum of f,g € Homs(M, N) via

(f+9)(x) = f(x)+g(x) forallze M,
and the scalar multiplication of @ € A and f € Homy (M, N) via
(af)(z) :=af(z) forall ze€ M.

These operations make Hom 4 (M, N) into an A-module. When the ring A is
clear from the context, we simply write Hom(M, N).

(b) The composition of A-module homomorphisms is again an A-module homo-
morphism.

(¢) Let M, M’', N, N" be A-modules and let U: M’ — M and V: N — N” be
A-module homomorphisms. Then we have the following induced A-module

homomorphisms:
U: Homu(M,N) — Homs(M',N), U(f):= foU,
V: Homus(M,N) — Homa(M,N"), V(f):=Volf.

(d) For any A-module M we have a natural isomorphism

Homa(A, M) = M, f— f(1).

2.1 Submodules and Quotient Modules

Definition 2.6. Let A be a ring and M be an A-module. A submodule N C M
is a subgroup of M which is closed under scalar multiplication, i.e., a - x € N for
a€ Aand x € N.
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Definition 2.7. Let M be an A-module and let N C M be a submodule. The
abelian group M /N inherits an A-module structure from M via

a-(x+N):=ar+ N foraec A, x€ M.

The A-module M/N is called the quotient of M by N. The canonical projection
m: M — M/N is an A-module homomorphism.

Proposition 2.8. Let M be an A-module and let N C M be a submodule. There
is a one-to-one inclusion-preserving correspondence between the submodules of M
which contain N and submodules of the quotient M/N.

Definition 2.9. Let A be a ring and let M, N be A-modules. Let f: M — N be
an A-module homomorphism.

(a) The kernel of f is defined as ker(f) := {z € M | f(z) = 0}. This is indeed a
submodule of M.

(b) The image of f is defined as im(f) := {f(z) | « € M} = f(M). This is
indeed a submodule of N.

(¢) The cokernel of f is defined as the quotient coker(f) := N/im(f).

Theorem 2.10 (Homomorphism Theorem/First Isomorphism Theorem). Let A be
a ring, let M, N be A-modules and let f: M — N be an A-module homomorphism.
Then

M/ker(f) = im(f).

2.2 Operations on Submodules

Definition 2.11. Let M be an A-module and let {M;};c; be a family of submodules
of M. We define the intersection of the submodules M;

ﬂMi::{m‘mGMiforalliGI}

i€l

and the sum of the submodules M;

> M= { T

i€l i€l

m; € M, for all © € I and m; # 0 for only finitely many z}

Both are submodules of M. Moreover, we say that the sum > ,c.; M; is direct and
denote it by @,;c; M; if every element m € >,c; M; can be written uniquely as
> icrm; where m; € M; for each ¢ € I.

Remark 2.12. Let M; and M5 be submodules of M. The sum M; + M, is direct
if and only if M; N M, = {0}.
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Now, assume {M;};cr is a chain of submodules of M, i.e., for any i,j € I,
either M; C M; or M; C M;. Then

UMi::{m‘mEMiforsomeiEI}

el

is also a submodule of M.
Since we can’t multiply two elements of a module, there is no product of
submodules. However, we define the product of an ideal I C A with the A-module

M as .
IM = {Zazml
=1

which is a submodule of M.

a; €1, miEM,nEN},

Theorem 2.13 (Second Isomorphism Theorem). Let A be a ring, let M be an
A-module and let My and Ms be submodules of M. Then

(M + My) /My = My /(M N M,).
Proof. Consider
M2—>M1+MQ—)(M1+M2)/M1, $'—>0+x’—>$+M1

The composition ¢: My — (M; + M) /M, is surjective since for m; € M; it holds
(my 4+ mg) + My = ms + M;. Moreover, we have ker(¢) = M; N M. Now the first
isomorphism theorem gives the thesis. O]

Theorem 2.14 (Third Isomorphism Theorem). Let A be a ring. Let L O M O N
be A-modules. Then
(L/N)/(M/N) = L/M.

Proof. Consider
Y: LN — L/M, x4+ Nv+—x+ M.

This is a well-defined A-module homomorphism since N C M. It is clearly
surjective and moreover ker(v)) = M/N. Therefore, the first isomorphism theorem
shows the assertion. ]

2.3 Direct Sums and Direct Products

Definition 2.15. Let A be a ring and let { M, };c; be a family of A-modules. We
define:
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(i) The direct product of the M,;

HMZ» = {f]—>|_|]\4Z

iel icl

fi) € M; foriEI}.

This is an A-module whose elements are usually written as sequences (m;);es
such that m; € M, for i € I. The operations in [],c; M; are componentwise.

(ii) The direct sum of the M;

P M; = {feHMi

i€l il

f(@) # 0 for only finitely many z}

This is a submodule of the direct product [];c; M;.

Remark 2.16. In general, direct sum and direct product of a family {M;};c; of
A-modules are not the same. They coincide if the index set I is finite.

Remark 2.17 (Internal and External Direct Sum). Let M be an A-module. For
a family {M,}ie; of submodules of M we have at this stage two notions of their
direct sum: namely, the direct sum as submodules in the sense of Definition [2.11
and the direct sum as a family of modules in the sense of Definition [2.15] For
the time being, we refer to them, respectively, as internal direct sum and external
direct sum. Indeed, the two concepts coincide up to isomorphism and this is the
reason why one refers to both of them simply as direct sum. For the benefit of
the reader, we explain in detail the case of two submodules M; and M,. Suppose
that the sum M; + M, is direct in the sense of Definition and denote it by
M &; Ms. On the other hand, we consider the external direct sum of M; and Ms,
which we denote here by M; &, M,. Consider

jn.kﬁ(@iﬂ4j—%.mﬁfﬁeﬂfm my + Mo F%(Wh,ﬂh).

This map is well-defined since the sum M; 4+ M, is direct in the sense of Definition
2.11] It is easy to see that f is indeed an isomorphism of A-modules.

Let now M; and M be A-modules. Consider the external direct sum M &, M.
We define:

My = {(my,0) | my € My}  and My :={(0,m3) | my € My}.

Both are submodules of My &, My and clearly ]\7@ = M;. It is easy to see that the
sum M; + M, is direct in the sense of Definition [2.11, Moreover, we have

Ml ©D; M2 = M &, M.

Remark 2.18 (Direct Sum of Rings and Direct Sum of Ideals).
Let A be a nontrivial ring.
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(1) Assume that A is a direct sum of rings A = @}_; A; = A, x ... x A,. Then
the ring
Ij = {(O,...,O,(Ij,O,...,O) | a; S AJ} gAj

is an ideal of A, but not a subring since 14 = (1,...,1) ¢ I;. Hence, the
ring A, considered as an A-module, is the direct sum of the ideals I;, i.e.,

A - @;L:l Ij

(ii) Assume now that A, considered as an A-module, is a direct sum of ideals
A =@}, I;. Set B; := @y, I}, and note that A/B; = [}, which shows that
I; is indeed a ring, and hence there is a ring isomorphism

A é(A/Bj).

J=1

Since A = @j_, I;, we may write 14 = (y1,...,¥n) With y; € I;. Then we
have that

1A/Bj :1A—|—BJ:(y1,,yn)—i—BJ:(O,,O,yj,O,,O)—l—B]

and by means of the isomorphism A/B; = I; we get 15, = y;. Note that
1;, = y; is idempotent and I; = (y;) as an ideal in A.

2.4 Finitely Generated Modules

We now introduce some terminology and key concepts needed for what follows.
Definition 2.19. Let A be a ring and M be an A-module.

(a) Let z € M. The set Az := {ax | a € A} C M is a submodule of M which is
called the submodule generated by x.

(b) The A-module M is called principal if there exists © € M such that M = Az.

(c¢) Let {z;}icr be a subset of M. The sum Y ,.; Az; is called the submodule
generated by the subset {x;}icr.

(d) If M =3,c; Ax;, then the set {x;}ier is called a set of generators of M.

(e) The A-module M is called finitely generated if there exists a finite set of
generators of M, i.e., M = Az + ...+ Ax, for some z,... ,x, € M.

(f) The A-module M is called free if M = @,c; M;, where M; = A for each
1€ 1.
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()

For n € N, we denote by A" the direct sum of A with itself n times:

A" =PA=Ad...0 A

=1 n—times

For i € {1,...,n}, we define ¢; := (0, ... ,O,i,O,... ,0). The set {e;},
is called the canonical basis (or canonical set of generators) of A™. By
convention, we set A% := {0}.

Let X be a set. We define
A% = {f X — A f(x) # 0 for only finitely many x}

For f,g € AX and for a € A we define for each z € X

(f +9)(x) = f(x) + g(x) and (a- f)(z) = af(z).

The operations above make AX into an A-module. Indeed, there is an A-
linear isomorphism A% = @, .y M,, where M, = A for all x € X. Thus,
A% is a free module called the free module over X. For each x € X define
e, € AX by

1 if x =y,
0 if v #vy.

The set {e;}rex is called the canonical basis (or canonical set of generators)
of AX.

ex(y) = 0uy = {

Remark 2.20. (a) Note that the free module A% can be described as the A-

module S of finite formal linear combinations
n
>z,
i=1
where n € Nyg, a; € A and x; € X. Indeed, there is an A-linear isomorphism

AX - S, fHZf(x)x,

rzeX

where the sum is finite since f(x) # 0 for only finitely many = € X. We will
adopt the description of AX as S, since it is more convenient for computations
and constructions. Note that in this description of AX the canonical basis is
given by the set X itself: each x € X can be regarded as the formal linear
combination 1 - x.

Note that the trivial module M = 0 is finitely generated: the unique set of
generators is the empty-set.
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We will mostly focus on finitely generated modules. The following result
provides a useful characterization of these modules.

Proposition 2.21. Let A be a ring and let M be an A-module. Then M is a
finitely generated A-module if and only if it is isomorphic to a quotient of a finitely
generated free A-module. More precisely, M = A"/B if and only if M has n
generators.

Proof. “=7: Let z1,...,x, be generators of M. Define

p: A" — M, (al,...,an)lﬁZaixi.
i=1

The map ¢ is a surjective A-module homomorphism, and thus A"/ ker(p) = M
by the homomorphism theorem.

“<” If M =2 A"/B, we have a surjective A-module homomorphism ¢: A" —
M. Then the images @(e;) of the canonical generators e; generate M. [

Proposition 2.22 (Nakayama’s Lemma). Let A be a ring and let M be a finitely
generated A module. Let I be an ideal of A contained in the Jacobson radical J 4.
Then IM = M implies M = {0}.

Proof. We argue by contradiction. Suppose M # {0} and let us,...,u, be a
minimal set of generators of M. Then u, € M = IM, thus we may write
Uy, = A Uy + - -+ + ayu, for some a; € 1. But then

(1 —ap)u, = aruy + -+ + Gp_1Up_1 (2.1)

and since a,, € I C Jyu, it follows from Proposition that 1 — a,, is a unit in A.
Hence, by multiplying (2.1]) with (1 — a,,)~' we have that u, € Auy + ...+ Au,_1,
a contradiction since the set of u; is a minimal set of generators of M. O]

Corollary 2.23. Let A be a ring and let M be a finitely generated A-module. Let
N C M be a submodule and let I be an ideal contained in the Jacobson radical J4.
Then M = IM + N implies N = M.

Proof. Observe that
I(M/N)=(IM+ N)/N.

Since M = IM + N, we have
I(M/N)= M/N.

Moreover, because M is is finitely generated, the quotient module M /N is finitely
generated as well. Therefore, we apply Nakayama’s Lemma to M/N and get
M/N =0, equivalently, N = M. [
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Definition 2.24. Let A be a ring and let M be an A-module. The annihilator of
M is defined as

Anmn(M):={a€ A|am =0 for all m € M}
This is an ideal in A.
Definition 2.25. An A-module M is called faithful if Ann(M) = 0.

Remark 2.26. (a) Let M be an A-module and let I C Ann(M) be an ideal.
Then we may regard M as an (A/I)-module as follows: for a € A and for
x € M, we define
(a+1)-z:=ax.

This scalar multiplication is well-defined since IM = 0.

(b) Let M be a finitely generated A-module and let {z1,... ,z,} be a minimal
set of generators of M. Let I C J4 be an ideal. Since I C Ann(M/IM), the
quotient M/IM has a natural structure of (A/I)-module by (a). Denote
by [z1],...,[z,] the residue classes of xq,... ,x, in M/IM; these classes
generate M/IM as an A-module as well as an (A/I)-module. Since the z;’s
form a minimal set of generators, by using the same argument as in the proof
of Nakayama’s lemma we have that [z;] # 0 for 1 < j < n and [z;] # [z;] for

any i # j.

Let (A,m,k) be a local ring and let M be a finitely generated A-module.
Since m C Ann(M/mM), by Remark [2.26|(a) the quotient module M/mM can
be regarded as an (A/m)-module, i.e., a k-vector space. Since M is a finitely
generated A-module, then M/mM is a finitely generated A-module, hence a finite
dimensional k-vector space. Let {z1,...,z,} be a minimal set of generators of
M and denote by [z1],... ,[z,] the residue classes of z1,... ,z, in M/mM. By
Remark [2.26|b) the classes [z1],... , [x,] are pairwise distinct. Indeed, we can say
more.

Proposition 2.27. Let (A, m, k) be a local ring and let M be a finitely generated
A-module. Let {z1,... ,x,} be a minimal set of generators of M. Then the classes
(1], ..., [xn] form a basis of M/mM as a k-vector space. In particular, any
minimal set of generators of M contains exactly dimy(M/mM) elements.

Proof. 1t is enough to show that [z1],... ,[z,] are linearly independent over k.
Let
a1z + ...+ @[z, =10], @GeA/m=k.

Hence, for 1 < i < n there exists b; € m such that

ary+ ... tapx, =bix1+ ...+ by, € mM.
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Assume by contradiction that @; # 0, i.e., a; ¢ m, for some 7. Then a; — b; ¢ m
since b; € m, and hence a; — b; is invertible since m is the unique maximal ideal of
the local ring A. It follows that

v = (a; = b) (b — aj)z,

J#
against the minimality of {zy,... ,z,}. [

Hence, if {x1,... ,z,} is a minimal set of generators of M, then {[x1],... ,[z,]}
is a basis of the k-vector space M /mM. The following result shows that the converse
holds true as well.

Proposition 2.28 (Nakayama’s Lemma for Local Rings). Let (A, m, k) be a local
ring and let M be a finitely generated A-module. Let xq,... ,x, be elements of M
whose residue classes [x1], ... ,[x,] € M/mM form a basis of this k-vector space.
Then x1, ... ,x, generate M.

Proof. If M/mM = 0, then the unique subset of M fulfilling the assumptions
is the empty-set. The thesis is then true since M = 0 by Nakayama’s lemma.
Now assume M/mM # 0. Then there are elements x4, ... ,z, € M fulfilling the
assumptions. Let N := Y1 | Az;. Observe that the map A-linear map

©: N — M/mM, T — [x]

is surjective since {[z;] | 1 < <n} is a basis of M/mM.
Since M is finitely generated and J4 = m, if we show that N +mAM = M, then
N = M by Corollary 2.23|and we are done. Hence, let us show that N +mM = M.
“C” is clear. For “2”, let + € M and consider [x] € M/mM. Since ¢ is
surjective, there is n € N such that [n] = [z], and thus  —n € mM. Therefore,
there exists y € mM such that r =n+y € N +mM. O]

Remark 2.29. Let (A, m, k) be a local ring. Then the following statements are
equivalent:

(a) Let M be a finitely generated A-module. If M = mM, then M = 0.

(b) Let M be a finitely generated A-module. Let zy,... ,z, be elements of M
whose residue classes [z1],... ,[z,] € M/mM form a basis of this k-vector
space. Then zy,... ,x, generate M.

Hence, for a local ring Nakayma’s Lemma (Proposition [2.22) and Proposition [2.2§]
are indeed equivalent and this motivates the name “Nakayama’s lemma for local
rings” given to Proposition [2.28|
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2.5 Exact Sequences

Definition 2.30. Let A be a ring. A sequence of A-modules and A-module
homomorphisms

is called
(i) ezact at M; if ker(fi+1) = im(f;),
(ii) ezact if it is exact at every M.

In particular, a sequence 0 — M’ Ly M is exact if and only if f is injective, a
sequence M % M” — 0 is exact if and only if g is surjective and

0— M L5 M %5 M — 0
is exact if and only if f is injective, g is surjective and ker(g) = im(f). A sequence
of this form is called a short exact sequence.

Remark 2.31. Any long exact sequence of the form [2.2] can be split into short
exact sequences. Indeed, for each i set N; := im(f;) = ker(f;+1). Then we have a
short exact sequence

0—>NZL>M1E>N1+1—>O,

where j: N; — M; is the inclusion map.
Proposition 2.32. (i) Let
M = M — M" — 0 (2.3)

be a sequence of A-modules and A-module homomorphisms. Then (2.3)) is
exact if and only if for all A-modules N the sequence

0 — Homu(M”,N) -2 Homyu(M,N) -  Homs(M', N)
fr— fou
gr— gou
18 exact.
(ii) Let

0— N - N-—= N (2.4)
be a sequence of A-modules and A-module homomorphisms. Then (2.4)) is
exact if and only if for all A-modules M the sequence

0 — Homu(M,N') % Homyu(M,N) - Homy(M,N")
fr— uof
g——v0og

s exact.
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Proposition 2.33 (Snake Lemma). Let

M~ M —*— M" 0
l 7 J ; l I
0 N —* N —Y— N”

be a commutative diagram of A-modules and A-module homomorphisms with exact
rows. Then there is an exact sequence

ker(f) —%— ker(f) —>— ker(f")

(2.5)

d
L coker(f") —=— coker(f) —— coker(f")

where W, T are restrictions of u, v and @', v are induced by u', v'. The map d is
called the connecting homomorphism (or boundary homomorphism ). Moreover, if
u s injective, then so is the first map in (2.5)), and if v’ is surjective, then so is

the last map in (2.5)).

Proof. We have a diagram as follows:

0 0 0
0 » ker(f") Yo ker(f) Yoy ker(f7) o » 0
d
0 > M’ u M v M// 0
f’ Lf f”
0 N’ v N v N’ » 0
d
» coker(f') 7, coker(f) v, coker(f") —— 0

0 0 0
Define @ := ujyer(sr): ker(f’) — ker(f). We have to check just that f(u(x)) =0
for x € ker(f’). Since the diagram above is commutative, we have f(u(z)) =
W' (f'(x)) =« (0) = 0. Similarly, one can check that v := = Ulker(f) ker(f) — ker(f")
is well-defined. Note that @' (resp. ¥') is well-defined if «/(im(f’)) C im(f) (resp.
V(im(f)) C im(")). Lety = f/(x) € im(f). Then o/(y) = w(f'(z)) = f(u(z)),

hence u/(y) € im(f). Similarly for o'(im(f)) C im(f").

Define now d: ker(f”) — coker(f’) as follows. Let = € ker(f”) C M". Since v
is surjective, there exists ¢t € M such that v(t) = z. Hence, 0 = f"(x) = f"(v(t)) =
V'(f(t)), and thus f(t) € ker(v') = im(v), i.e., there exists y € N’ such that
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W (y) = f(t) and we can define d(z) := [y] = y + im(f’). For the time being, it
seems that our definition of d depends on two choices: the choice of t € M such
that v(t) = = and the choice of y € N’ such that «'(y) = f(t). Hence, let ' € M
such that v(t') = z = v(t) and let ¥’ € N’ such that «/(y') = f('). We have to
show that y +im(f’) = v/ +im(f’), i.e., y —y' € im(f’). Observe that by definition
of t and ¢ we have t — t' € ker(v) = im(u), i.e., there exists z € M’ such that
u(z) =t —t'. On the other hand, by definiton of y and y’ we have

u'(y —y') = ft =1) = flu(z)) = '(f'(2)),

hence
y—y = f(z) €ker(u) =0 = y—y = f(2)
Finally, y — ¥ € im(f’) and this shows that the map d is well-defined. It is now

easy to check that d is an A-module homomorphism and this is left to the reader.
As for the exactness of ([2.5)), we observe for example that

im(7) = im ()| er(s) = ker(v)|ker(p) = ker(v),

where the first equality holds because fou = u' o f/ and v’ is injective, the second
equality is true because im(u) = ker(v) and the third equality is immediate since
U is the restriction of v to ker(f). By diagram chasing the reader can fully check
the exactness of ([2.5). O

Definition 2.34. Let C be a class of A-modules. A function A: C — Z is called
additive if for every short exact sequence 0 — M’ — M — M"” — 0 it holds that
AM") — NM) + NM") = 0.

Remark 2.35. Let C be a class of A-modules such that M =0€C. Let \: C — Z
be an additive function. Since 0 - M — M — M — 0 is a short exact sequence,
we have by additivity A(M) = A(M) + A(M), hence \(M) = 0.

Example 2.36. Let A = k be a field and C be the class of finite-dimensional
k-vector spaces. Then A\: C — Z, V — dim,, V, is additive.

Proposition 2.37. Let
0O —My—M, — - — M, —0

be an exact sequence of A-modules where all the modules M; and the kernels of all
homomorphisms belong to C. Then for any additive function A\: C — Z on C we

have
n

> (=1)'A(M;) = 0.

=0
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Proof. Like in Remark [2.31], split the exact sequence into short exact sequences
0— N;, — M; = N;y1 — 0, where Ny = N,,;1 = 0. Then for each 0 <7 < n we
have A(M;) = A(IV;) + A(N;4+1), namely:

A(Mo) = AMNo) + A(N1)
A(M7) = M(N1) + A(Ng)

We sum these n+ 1 equality with alternating signs, and since A(Ny) = A(N,,11) = 0,
on the right-hand side all terms cancel pairwise, yielding

2.6 Tensor Products of Modules

Definition 2.38. Let A be a ring and let M, N, P be A-modules. A map f: M X
N — P is called A-bilinear if for each € M, the map N — P, y — f(x,y), is
A-linear, and for each y € N the map M — P, x — f(x,y), is A-linear.

Given A-modules M, N, we construct an A-module 7', called the tensor product
of M and N, characterized by the property that, for any A-module P, there is
a natural one-to-one correspondence between A-bilinear maps M x N — P and
A-linear maps T" — P. The following proposition makes this precise.

Proposition 2.39. Let A be a ring and let M, N be A-modules. Then there
exists a pair (T, g), where T is an A-module and g: M x N — T is an A-bilinear
map with the following property: For any A-module P and any A-bilinear map
f: MxN — P, there exists a unique A-linear map f': T — P such that f = f'og,

i.e., the diagram
e (2.6

MXNTP

commutes. Moreover, if (T,g) and (T',q") are two pairs with the above property,
then there is a unique isomorphism h: T — T" such that hog=¢'.

Proof. (i) Uniqueness: Assume we have two pairs (7, g) and (77, ¢’") with this
property. Applying the property of (T, g) with P =T" and ¢': M x N — T",



CHAPTER 2. MODULES 26

and similarly applying the property of (7", ¢') with P =T and g: M xN — T,
we obtain the following commutative diagrams

T T
2 2 |
MxN -2 MxN—%,T

By combining the two diagrams above, we have the following commutative
diagram

and applying the property of (7, ¢g) with P =T and g: M x N — T, we
obtain A’ o h = idy. Similarly we show that h o h' = ids.

Ezistence: Let C be the free A-module AM*Y  whose elements are finite
formal linear combinations of elements of M x N with coefficients in A, i.e.,
they are expressions of the form Y; a;(z;, ;).

Let D be the submodule of C' generated by the elements of C' of the form

(z+2y) — (z,y) — (@, y),

(y+y) —(z,y) — (2,9),
* (az,y) —a(z,y),

(2, ay) — a(z,y),

where z,2' € M, y,y' € N, a € A. Let T = C/D. For each canonical
generator (z,y) of C' denote by = ® y its image in 7. Then T is generated
by elements of the form x ® y, and from the definitions we have for x € M,
y € N and a € A:

(z+2)@y=ry+s®y, @@Yy+y)=rQy+zY,
(ar) @y =a(z®@y) =2 @ (ay).

Hence, the map g: M x N — T, (z,y) — x ® y is A-bilinear. Let P be an
A-module and let f: M x N — P be an A-bilinear map. Then

k

k
f:C—P Yo ai(zi,y) — Y aif (i, i)

i=1 =1
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is an A-linear map that vanishes on all generators of D, hence D C ker(f).
Thus, f induces a well-defined A-linear map f’: T — P such that f'(z®y) =
f(z,y). Since the elements of the form z ® y generate T, the condition
r @y +— f(z,y) uniquely determines f’. Thus, f’ is the unique A-linear map
such that f' o g = f. In other words, the pair (7, g) satisfies the required
property.

O

Definition 2.40. Let A be a ring and let M, N be A-modules. A pair (7, g)
fulfilling the property of Proposition [2.39|is called the tensor product of M and N
as A-modules and is denoted by (M ®4 N, ®). When the ring A is clear from the
context, we just write M ® N instead of M ®4 N.

Remark 2.41. Let M, N be A-modules.

(a) Tt is clear from the construction that M ® 4 N is generated as an A-module by
the elements of the form = ® y, where x € M and y € M. These elements are
called pure tensors. If (x;);es respectively (y;);es are families of generators of
M respectively N, then the set {z;®y; |i € I, j € J} generates M ®4 N. In
particular, if M and N are finitely generated A-modules, then so is M ® N.

(b) Every element in M ®4 N can be written as a finite sum of pure tensors.
Indeed, let z € M ®4 N. Then

Z:ZCLZCUZ@ZJ%):ZGJQ R Y; = sz zyz
=1

i=1

(¢) The notation z ® y is inherently ambiguous unless we specify the tensor
product to which it belongs. Indeed, let M’ respectively N’ be submodules of
M respectively N, and let x € M’ y € N'. It can happen that z ® y is zero
as an element of M ® N, while x ® y is nonzero as an element of M’ ® N’.
For example, take A =7Z, M = Z/AZ, M' = 27Z./4Z, N = N' =7Z/27, x =2
and y = 1. Then x ® y = 0 as an element of M ® N = (Z/4Z) ® Z/27Z since

ry=21=2(Iv])=1®2=110=0.
On the other hand, M'®@ N’ = (2Z/47) ® 7./ 27 is generated by z @y = 2® 1.
Moreover, M' ® N’ is a nontrivial Z-module since
(27./A7) x 7.)27. — 7./27., (@, D) — a/2 - D,
is a nonzero Z-bilinear map. Therefore, it must be x ® y # 0.

Proposition 2.42. Let M and N be A-modules. Let x; € M and y; € N be
elements such that >, x; ® y; = 0 as an element of M & N. Then there exist
finitely generated submodules My C M and Ny € N such that >, x; ® y; = 0 as
an element of My ® Ny.
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Proof. If ¥, 2; ® y; = 0in M ® N, then > ;(z;,y;) € D. Therefore, we can write

Z($i>yi) = Z@jzja

(2

where a; € A and each z; € D is one of the (maybe infinitely many!) generators
of D. Let My be the submodule of M generated by the x;’s and all the elements
of M that appear as first coordinates in each of the z;. Similarly, let Ny be the
submodule of N generated by the y;’s and all the elements of N that appear as
second coordinates in each of the z;. Then, by construction of My ® Ny, it is clear
that >, x; ® y; = 0 as an element of My ® Nj. O

One can also define the tensor product of finitely many A-modules.

Definition 2.43. Let A be a ring. Let My,...,M,, P be A-modules. A map
f: My x...x M, — P is called n-linear over A if for each i € {1,... ,n} and
for all fixed T; € M; with j # 4, the map M; — P, z; — f(ZT1,... @i, ... ,Tp), is
A-linear.

Proposition 2.44. Let M, ..., M, be A-modules. Then there ezists a pair (T g),
consisting of an A-module T and an n-linear map g: [I7_y M; — T, with the
following property: For any A-module P and any n-linear map f: [[i-, M; — P,
there ezists a unique linear map f': T — P such that f = f'og. Moreover, if (T, g)
and (T",4") are two pairs with this property, then there is a unique isomorphism
h: T — T such that hog = ¢'.

Definition 2.45. Let A be a ring. Let M, ..., M, be A-modules. A pair (T, g)
fulfilling the property of Proposition 2.44]is called the tensor product of My, ... , M,
as A-modules and denoted by (M; ®4 ... ®4 M,,®). When the ring A is clear
from the context, we just write My ® ... ® M, instead of M| ®4 ... Q4 M,.

Proposition 2.46 (Canonical Isomorphisms). Let M, N, P be A-modules. Then
there exist unique isomorphisms

(i) MN — N®M,

(i) MON)@P > M (N®@P)—- MNP,
(iii)) ( M N)® P — (M®P)®(N® P),

(iv) A M — M,
such that, respectively,

(i) 2@y —y®u,

(i) (2Qy)R2r— 2@ (YR 2) F— 2R Y® 2,
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(iit) (r,9) @z — (x ® 2,y ® 2),
(iv) a ® x — ax.

Proof. We partially show (ii), the rest of the assertions are left to the reader as
an exercise. We construct A-linear maps f: (M @ N)®@ P - M ® N ® P and
g MRN®P — (M®N)® P such that

oy ®z)=20y®2 ¢g@RYe2)=(20Y) Q2.
To construct f, we fix z € P. The map
MxN-—M®®N® P, (r,y) — 2RYR 2z

is A-bilinear, so it induces an A-linear map f,: M @ N - M ® N ® Z such that
f:(z®y) =2 ®y® 2z Next, we consider the map

F:(M®N)xP—M®NQ® P, (t,2) — fo(2).

This map is A-linear in ¢ since f, is so; we show that F is also A-linear in z.
Namely, we have to show that for a,b € A and z, 2z’ € P it holds

faziv (t) = af,(t) + bf.(t) forallte M ® N.

It is enough to show the previous equality for ¢t =  ® y since if two A-linear maps
agree on a set of generators, they are equal. Now, we have

faztv (2®Y) = 2@Y@(az+b2') = a(r@yR2)+b(r@yYRz") = af.(z@y)+bf. (z®y),

and this shows that F' is A-linear in z, hence A-bilinear. Thus, F' induces an
A-linear map

[:(M@N)@P —M®NQ®P, (TRY)R2zr—TRYX 2.
To construct g, consider the map
MxNxP— (M®N)R® P, (z,y,2) — (2R Yy) ® 2.
This map is A-linear in each variable, so it induces an A-linear map
g MIN®N— (M®@N)® P, TRYR 2z (TR Y) 2.

The A-linear maps f o g and idygnep agree on a set of generators, hence fo g =
idygngp. Similarly, g o f = id(yenep, and thus f and g are isomorphisms. The
uniqueness of f (respectively g) is clear since the condition (z®y) Rz~ rRyY® z
(respectively * ® y ® z — (x ® y) ® z) uniquely determines f (respectively g). [
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Definition 2.47. Let f: M — M’ and g: N — N’ be two A-module homomor-
phisms. We define

h: M x N — M @ N, (z,y) — f(z) @ g(y).

One checks easily that h is A-bilinear, thus it factors through an A-module
homomorphism

h': M®@N— M @ N
We call this map the tensor product of f and g, and denote it by f ® g. Note that

(f@glrey)=f(r)®g(y).

2.7 Algebras, Restriction and Extension of Scalars

Definition 2.48. Let A, B be rings and let f: A — B be a ring homomorphism.
Then B has a natural A-module structure as follows:

a-b:= f(a)b forallae€ Abe B.

Hence, B has both a ring structure and an A-module structure which are compatible,
ie.,

a-(bc)=(a-b)c="0bla-c).
The ring B together with the ring homomorphism f is called an A-algebra.

Definition 2.49. Let B and C' be A-algebras with ring homomorphisms f: A — B
and g: A — C, respectively. A ring homomorphism h: B — C' is called an A-
algebra homomorphism if h is also A-linear. Equivalently, a ring homomorphism
h: B — (' is called an A-algebra homomorphism if ho f = g, i.e., if we have a

commutative diagram
B " C
N
A

Definition 2.50. (a) A ring homomorphism f: A — B is called finite and B is
called a finite A-algebra if B is finitely generated as an A-module.

(b) A ring homomorphism f: A — B is called of finite type and B is called
a finitely generated A-algebra if there exist by,... ,b, € B such that every
element in B is a polynomial expression in by, ... , b, with coefficients in A.
In other words, B = Alby, ... ,b,], where

Alb, ... by = {g(bl,... 0.) | g€ ALX,... ,Xn]} CB

is in general a subring of B. Equivalently, B is called a finitely generated A-
algebra if there exists a surjective ring homomorphism A[X3, ..., X,| - B.



CHAPTER 2. MODULES 31

Example 2.51. Let K be a field. The polynomial ring K[X7, ..., X,] is a finitely
generated K-algebra, but it is not finite over K. Indeed, it admits the following
direct sum decomposition as a K-vector space

K[Xy,..., X)) =@ KX, ..., X,)u,

d>0

where K[X,...,X,]s denotes the K-vector space of homogeneous polynomials of
degree d.

Definition 2.52 (Restriction of Scalars). Let B be an A-algebra with ring homo-
morphism f: A — B. Let N be a B-module. Then there is an induced A-module
structure on N: for all @ € A and for all x € N we define

a-z:= f(a)-x.
The A-module structure on N is called the restriction of scalars of N to A.

Let B be an A-algebra with ring homomorphism f: A — B. If N is a finitely
generated B-module, it is natural to ask if it is also finitely generated as an
A-module. This holds true if B is a finite A-algebra.

Proposition 2.53. Let B be an A-algebra with ring homomorphism f: A — B
and let N be a finitely generated B-module. Assume that B is a finite A-algebra.
Then N is finitely generated as an A-module.

Proof. Let {x1,...,2,} € N be a generating set of the B-module N and let
{Y1,...,ym} be a generating set for the A-module B. Then the set

{yiz; |1 <i<m, 1 <j<n}
is a generating set of the A-module N. O

Definition 2.54 (Extension of Scalars). Let B be an A-algebra with ring homo-
morphism f: A — B. Let M be an A-module. The tensor product Mg := M ®4 B
has a natural structure as a B-module: For all b € B, § € B and m € M we set

b-(m®pB):=m (bp).
The B-module Mg is called the extension of scalars of M to B.

Definition 2.55. Let A, B be rings. An (A, B)-module N is an abelian group
which is both an A-module and a B-module and the two structures are compatible,
ie,forallae A, be B and x € N it holds

a-(b-x)=0b-(a-z).

A map f: N — N’ between (A, B)-modules is an (A, B)-module homomorphism
if it is A-linear as well as B-linear.
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Remark 2.56. Let A, B be rings. Let M be an A-module, let N be an (A, B)-
module and let P be a B-module. Then M ®4 N and N ®p P have a natural
structure as (A, B)-modules.

Remark 2.57. Let B be an A-algebra.

(a) Let N be a B-module. Then N together with its restriction of scalars to A
is clearly an (A, B)-module. In particular, B is itself an (A, B)-module.

(b) Let M be an A-module. Then the extension of scalars Mp = M ®4 B is an
(A, B)-module by Remark since B is an (A, B)-module.

The following proposition gives an important and useful canonical isomorphism.

Proposition 2.58. Let A, B be rings. Let M be an A-module, let N be an
(A, B)-module and let P be a B-module. Then there exists a unique (A, B)-module
isomorphism

(M®@saN)@g P = M®u (N ®p P)

such that (z @ y) @z +— 2 Q (Y ® 2).
Proof. Exercise. O

Corollary 2.59. Let B be an A-algebra. Let M be an A-module and let N, P be
B-modules. Then there exists a unique B-linear isomorphism

(M®saN)@gp P = M®u (N ®p P)

such that (x @ y) Rz — 2 ® (Y 2).

2.8 Tensor Product of Algebras

Let B and C be two A-algebras with ring homomorphisms f: A — B and
g: A — (' respectively. Consider the tensor product

D:B®AC

We would like to endow D with an A-algebra structure. For this purpose, we need
to define a product - : D x D — D which is A-bilinear. The natural definition
would be

:DxD—=D, (bcbed)—b®c.

Indeed, this is the correct definition, provided that it is well-defined! Hence, we
need an argument to show it. Consider the map

BxCxBxC—D, (bb,c,d)r—bb®cc.
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This is a 4-linear map over A, hence, by the universal property of the tensor
product (Proposition [2.44)), it induces a unique A-linear map

B®A0®AB®AO—>D,

Now, by the canonical isomorphism (i7) from Proposition [2.46, we have an A-linear
map
D®D—D, (b®cled)r— b cd.

By the universal property of the tensor product (Proposition [2.39)), such an A-linear
map induces a unique A-bilinear map

:DxD—D, (becled)r—bacd.

Hence, we have a well-defined product on D:
<Zb’ ® Ci> : (Zb] &® Cj> = szb; ® CiC;-.
i J Y]

It is easy to see that (D, +,-) is a ring: the associativity (resp. the commutativity)
of - is a consequence of the associativity (resp. the commutativity) of the products
in B and C, the distributivity laws hold by A-bilinearity, and 1p = 15 ® 1¢.
Moreover, for all a € A, b € B and ¢ € C' it holds

a-(b®c)=(a-b)®c= f(a)®c
a-b®c)=b®(a-c)=b®g(a)c

In particular, if b = 15 and ¢ = 1¢, we have
f(@) @ 1 = 15 ® gla).
Therefore, D is an A-algebra with ring homomorphism
A= D, ar fla)®1lc=15® g(a),

and we have the following commutative diagram (of ring homomorphisms)
B
7N
A D
N
C

where u: B—- D, b—b®1lcandv:C — D, c— lp®c.
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2.9 Exactness of Tensor Products

Let M, J, M,y 25 M; be an exact sequence of A-modules and let N be an A-module.

Is the sequence M; ® N f®—id§V My ® N 981y M3 ® N exact? The answer is in
general no, as shown by the following example.

Example 2.60. Let A =7 and let N = 7Z/27. Consider the exact sequence

0—7-17
T — 2.

Then by tensoring with /N, we have the sequence

0—ZN"ZX¥ 7z N
Note that (f@idy)(z®@y) = f(z)@y=(22)®y=2® (2y) =z ® 0 = 0, thus
f ®idy is far from being injective and the sequence is not exact.

However, we can show that “tensoring is right exact”. To do so, we need the
following lemma.

Lemma 2.61. Let M, N, P be A-modules. Then we have a canonical isomorphism
Hom (M ®4 N, P) = Homy (M, Hom (N, P)).

Proof. Let f: M ®4 N — P be an A-linear map. By the universal property
of the tensor product (Proposition , there exists a unique A-bilinear map
f'* M x N — P such that f(m®n) = f'(z,y). Now, we construct an A-linear
map
f': M — Homu(N, P), m— (n+— f'(m,n)).

On the other hand, if g: M — Homy (N, P) is an A-linear map, we define the
A-bilinear map g: M x N — P, (m,n) — [g(m)](n), which induces by the
universal property of the tensor product a unique A-linear map

G:M®N— P, m&n+— [g(m)](n),

These two constructions are inverse to each other, yielding a one-to-one correspon-

dence
Homy(M ®4 N, P) — Homyu(M,Homu (N, P)), fr+— .

which is indeed A-linear. ]
Proposition 2.62 (“Tensoring is Right Exact”). Let
M1 — MQ — M3 — 0

be an exact sequence of A-modules. Furthermore, let N be an A-module. Then the
sequence
M1®N—>M2®N—>M3®N—>O

s exact.
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Proof. Let P be an A-module. Then the sequence
0 — Hom(M;, Hom(N, P)) — Hom(M,, Hom(N, P)) — Hom(M;, Hom(N, P))

is exact by Proposition [2.32f(i). Thus, by the previous lemma, we have an exact
sequence

0 — Hom(M;3; ® N, P) — Hom (M, ® N, P) — Hom(M; ® N, P).
Hence, since P is an arbitrary A-module, by Proposition m(u) the sequence
Mi@N — My@N — Ms3@N — 0
is exact. [

Definition 2.63. An A-module N is called flat if tensoring with NV is also left
exact, i.e., for any short exact sequences 0 — M; — My — M3 — 0 of A-modules,
the sequence

0 — MiN —My®N — M3® N — 0
is exact.
Proposition 2.64. Let N be an A-module. Then the following are equivalent:
(i) N is flat.

(ii) For any exact sequence My — My — Ms of A-modules, the sequence
Mi@N — My®N — M;® N is exact.

(tii) If f+ M — M’ is an injective A-linear map, then f@idy: MQN — M'@ N
1S 1njective.

() If f: M — M’ is an injective A-linear map where M and M' are finitely
generated, then f ®idy: M @ N — M' ® N is injective.

Proof. (ii) = (i). Let 0 — M; — My — M3 — 0 be a short exact sequence of
A-modules. Split it into the three exact sequences

O—)M1—>M2, M1—>M2—>M3, M2—>M3—)O,

and then apply (ii) three times.
(i) = (ii). Let M, I My 5 M35 be an exact sequence. Then the sequences

0 — ker(f) - M; — im(f) — 0,
0 — im(f) - My — im(g) — 0
0 — im(g) — My — coker(g) — 0
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Now apply (i) three times.
(i) = (iii). Let f: M — M’ be an injective A-linear map. Consider the short

exact sequence 0 — M 5 M’ — M'/im(f) — 0. Since N is flat, the sequence
0 MoN' Y M@ N = (M/M)®N =0

is exact. In particular, f ® idy is injective.

(iii) = (i). Let 0 — M, Iy My % Mz — 0 be a short exact sequence. By
Proposition the sequence

My @ NE% M, @ NZY Myo N — 0
is exact. By (iii) the map f ® idy is injective, hence the sequence
0— My @ N 2% My o N2 My@ N — 0

Is exact.

(ili) = (iv). This is obvious.

(iv) = (iii). Let f: M — M’ be an injective A-linear map. We have to show
that f®idy: M®N — M'® N is also injective. Let u = >, x; ®y; € ker(f ®idy),
where x; € M and y; € N. This means

(f@idn)(u) =3 f(z:) @y: =0 € M @ N.

Let My be the submodule of M generated by the elements x;’s. Note that f(M;)
is generated by the elements f(x;)’s. By the same argument given in the proof of
Proposition [2.42] there exists a finitely generated A-module M| C M’ such that

> flz)®yi=0e€ My® N.

Since M/, contains by constructions the elements f(z;)’s, we have
f(Mo) € Mg,

Let ug denote >, x; ® y; as an element of My ® N. In other words, if j: My — M
is the inclusion map, we have

(j ®idn)(up) = u. (2.7)

Since My and M, are finitely generated and the map fiu,: My — Mg is injective,
by (iv) the map
fla ®idy: My @ N — Myg®@ N

is injective. Hence, (f|n, ® idn)(uo) = >; f(x;) ® y; = 0 implies uy = 0, which in
turn implies u = 0 by (2.7). Finally, we have just shown that ker(f ® idy) = 0,
ie., f ®idy is injective. O]
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Flatness is preserved under extension of scalars.

Proposition 2.65. Let f: A — B be a ring homomorphism and let M be a flat
A-module. Then the extension of scalars Mg = M ® 4 B is a flat B-module.

Proof. Exercise. O]
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Localizations

Definition 3.1. Let A be a ring. A multiplicative set S C R is a subset satisfying
the following properties:

(i) 1, €8
(i) 2y € Sifz,y € S.
Let A be a ring and let S C A be a multiplicative set. We define an equivalence
relation on A x S as follows:
(a,8) ~ (d,s) <L FueS: ulas —ds)=0.

The relation ~ is clearly reflexive and symmetric. We show the transitivity. Assume
that (a,s) ~ (d/,¢") and (da’,s") ~ (a”,s"”). We have to show that (a,s) ~ (a”,s").
By assumption, there exist u,v € S such that

u(as’ —a's) =0, v(d's" —a"s") = 0.
In other words,
uas’ = ua's, va's" =wvas'.
Multiplying these equalities with vs” and wus respectively, we obtain
ws'as” = uwvs'a"s << wws'(as" —ad"s) =0,
~—~—
es
whence (a, s) ~ (a”,s").
The set of equivalence classes (A x S)/ ~ is denoted by S~ A. For a € A and

s € S, we denote the equivalence class [(a, s)]. by a/s. Moreover, we define on
S~1A the following operations:

a d as' +a's
— + —, = 7/,
5 s 55

a a aa’

s s ss

38
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It is easy to check that the operations above are well-defined and that (S7'A, +, )
is a ring with 1g-14 = 1/1.

Definition 3.2. The ring S~ A is called the ring of fractions of A with respect to
S (or the localization of A along S).

Example 3.3. Let A be a ring and let S C A be a multiplicative set.
(a) If 0 € S, then S7'A = {0}.

(b) If A is an integral domain and S = A\ {0}, then S™'A = Q(A) is the field
of fractions of A.

(c) Let p be a prime ideal in A and let S = A\ p. Then S7'A is called the
localization of A at p and denoted by A,.

(d) Let f € Aand let S = {f"}oen = {1, f, % ...}. Then S7'A is called the
localization of A at f and denoted by Ay.

Let A be a ring and let S C A be a multiplicative set. There is a canonical
ring homomorphism

fi A SA, ab—>%

This homomorphism is in general not injective. The pair (S7!A4, f) has a universal
property.

Proposition 3.4 (Universal Property of S™*A). Let A be a ring, let S C A be
a multiplicative set and let f: A — S™'A, a > a/1. Let g: A — B be a ring
homomorphism such that g(s) is a unit in B for all s € S. Then there exists a
unique ring homomorphism h: ST*A — B such that ho f = g, i.e., the following
diagram commutes

/thA

AT>B

Proof. Uniqueness. Assume that h: S™'A — B is a ring homomorphism fulfilling
the hypothesis. Then

h(a/s) = h(a/1-1/s) = h(a/1)h((s/1)") = g(a)g(s) .

Hence, h is uniquely determined.

Ezxistence. 1f we define the map h as above, we can easily see that it is
well-defined. Assume a/s = d'/s’, i.e., u(as’ — a’s) = 0 for some u € S. Then
g(u)g(a)g(s) — g(a)g(s")] = 0, and since g(u) is invertible we have

g(a)g(s) —gla)g(s) =0 <= g(a)g(s") " = g(a)g(s)
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The ring homomorphism f: A — S~'A has the following properties:
(i) f(s)isa unitin S™*A for all s € 9,
(ii) f(a) implies as = 0 for some s € S,
(iii) Every element in S™'A is of the form f(a)f(s)™! for some a € A, s € S.

Indeed, the three properties above characterize S~ A.

Proposition 3.5. Let A be a ring, let S C A be a multiplicative set and let
f:A— S7YA awa/l. Let g: A — B be a ring homomorphism such that

(i) g(s) is a unit in B for all s € S,
(ii) g(a) implies as = 0 for some s € S,
(iii) Every element in B is of the form g(a)g(s)™' for somea € A, s € S.

Then there exists a unique ring isomorphism h: S'A — B such that ho f = g,
i.e., the following diagram commutes

A— B

Proof. Since (i) holds, we already have the existence and uniqueness of
h: S7'A— B, a/s+ g(a)g(s)™!

by Proposition Property (iii) implies that & is surjective, so it remains to show
that h is injective. Let a/s € ker h. Then h(a/s) = g(a)g(s)~* = 0, which implies
g(a) = 0. Hence, by (ii) we have at = 0 for some ¢ € S. But this means a/1 = 0,
whence a/s = 0. Finally, we have just shown that ker h = 0, i.e., h is injective. [J

3.1 Localization of a Module

Let A be a ring, let S C A be a multiplicative set and let M be an A-module. We
define on M x A the following equivalence relation:

(m,s) ~ (m,s) <5 JueS: u(s'm—sm')=0.

As before, it is easy to check that this is a well-defined equivalence relation. We

denote the equivalence class of a pair (m,s) by m/s. We also denote the set of

equivalence classes (M x S)/ ~ by S™'M and define on it the following operations:
m m s'm + sm/

s s ss'

a m am

s

Y

t st
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It is easy to check that the operations above are well-defined and make S~'M into
an (S7!A)-module.

Definition 3.6. The (S7'A)-module S™*M is called the module of fractions of
M with respect to S (or the localization of M along S).

Example 3.7. Let M be an A-module and let S C A be a multiplicative set.
(a) If 0 € S, then S~'M = {0}.

(b) Let p be a prime ideal in A and let S = A\ p. Then S~'M is called the
localization of M at p and denoted by M,.

(c) Let f € Aandlet S = {f"}en = {1, f, % ...}. Then S™'M is called the
localization of M at f and denoted by Mj.

Definition 3.8. Let u: M — N be an A-module homomorphism and let S C A
be a multiplicative set. Then we have the induced (S~'A)-linear map

S~tu: ST'M — STIN, m/s — u(m)/s.

Remark 3.9. Let u: M — N and v: N — P be A-module homomorphisms and
let S C A be a multiplicative set. Then

S Hvou)=S"tvo S u.

Proposition 3.10. Let A be a ring and let S C A be a multiplicative set. Fur-
thermore, let M; <% My = My be an exact sequence of A-modules. Then the
sequence

STUMy 8 ST, S8 S
is also exact.

Proof. We have to show that im S~'u = ker S~ 1w.

C. By assumption we know that im v = kerv, whence v o u = 0. Thus, by
Remark [3.9) we have that S™'vo S™'u = S (vowu) = S7'(0) = 0, which implies
im S~'u C ker S~1v.

D. Let my/s € ker S~'v. By definition, v(my)/s = 0, i.e., there exists t € S
such that tv(msg) = v(tmy) = 0. Since kerv = imu, there exists m; € M; such
that u(my) = tmy. Then my/s = tmy/st = u(my)/st = (S~u)(my/st). In other
words, ma/s € im S~ 'u. O

As a result, formation of fraction preserves short exact sequences.

Corollary 3.11. Let A be a ring and let S C A be a multiplicative set. Let
0— My % My % Ms — 0 be a short exact sequence of A-modules. Then the
sequence

0— SilMl QL SilMQ ﬂ SilMg — 0

1s also exact.
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Proof. Split the sequence 0 — M; = My % Ms — 0 into
O—>M1i>M2, MlnggMg, MQ&M?,_)O

and apply Proposition three times. n

3.1.1 Submodules and Canonical Isomorphisms

Let M be an A-module, let N C M be a submodule and let S C A be a
multiplicative set. Proposition implies in particular that S™'N can be
regarded as a submodule of S™'M. Hence, it makes sense to study the behavior of
formation of fractions with respect to operations on submodules. Indeed, we show
that formation of fractions commutes with sums, finite intersections and quotients.

Proposition 3.12. Let A be a ring and let S C A be a multiplicative set . Let
M be an A-module, let N,T C M be submodules and let {N;};cr be a family of
submodules. Then it holds

(i) S~
(i1) ST Cier Ni) = Xier ST'N;.
(iii) STY(M/N) = S~'M/S™IN.

NNT)=S"INnS~IT.

Proof. (i) The inclusion C is obvious. Let us show the inclusion D. Let = €
STINNSTIT. Then x = n/s; = t/sy withn € N, t € T and s;,5, € S.
By definition, there is ¢ € S such that ¢(sit — son) = 0. Then y := gs1t =
gsan € NNT and z =n/s; = y/(s152q) € STHNNT).

(ii) C. Let z = (zyy +...+x;,)/s € ST ;e Ni). Then z = z;, /s+...+x;, /s €
Sier STIN;.

D. Let y = @, /siy + ... + 2, /i, € Xier S'N;. Then for 1 < j < k set
Si; = [l 8, and s := Hle s;,. Then

y = silxil + - + Sik S € S_I(Z Nz)
xr ik iel

(iii) Applying Corollary to the exact sequence 0 - N — M — M/N — 0,
we obtain the short exact sequence

0— S 'N—S'M— S (M/N)— 0.

Hence, S~ (M/N) = S~'M/S™'N.
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Remark 3.13. Note that formation of fraction does not commute with infinite
intersections of submodules. Indeed, let A :=7Z, let S :=Z\ {0} and for n € Ny,
let M, := nZ. It is easy to see that S™'A = S71M,, = Q for all n € Ny, while
Nneney My = 0. Thus, we have

s N M) =5T0=0£Q= ) $M,
n€N>0 n€N>0

Proposition 3.14. Let M be an A-module and let S C A be a multiplicative set.
Then there exists a unique (S™'A)-module homomorphism

STA®A M — S™'M
such that a/s @ m — am/s.

Corollary 3.15. Let A be a ring and let {M;};cr be a family of modules. Then
s @) =P s
iel iel

Corollary 3.16. Let A be a ring and let S C A be a multiplicative set. Then
S~1A is a flat A-module.

Proposition 3.17. Let A be a ring and let S C A be a multiplicative set. Let M
and N be two A-modules. Then there exists a unique (S™'A)-module homomor-
phism

S_l(M ®aN)— S~iM Qg-14 STIN

such that m/s @ n/t — (m @ n)/(st).

Corollary 3.18. Let A be a ring, let P C A be a prime ideal and let M and N be
two A-modules. Then
(M ®4s N)p = Mp ®a, Np.

3.2 Local Properties of Rings and Modules

Definition 3.19. A property ® of a ring A (resp. of an A-module M) is called
local it it holds

A (resp. M) fulfills & <= Ap (resp. Mp) fulfills ® for all P C A prime ideals.

Proposition 3.20. Let A be a ring and let M be an A-module. Then the following
are equivalent:

(i) M = {0},
(ii) Mp = {0} for all prime ideals P C A,
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(1ii) My = {0} for all mazimal ideals m C A.

Proof. The implications “(i) = (ii)” and “(ii) = (iii)” are obvious.
“(iii) = (i)”: Assume by contradiction that M # {0}. Let x € M be any
element and consider the ideal

Ann(z) :={a € A | ax = 0}.

Now let z € M be a nonzero element. Hence, Ann(z) is a proper ideal of A, and
thus there exists a maximal ideal m C A such that Ann(xz) C m. Since (iii) holds,
M, = {0} and so /1 = 0 in M,,. Thus, there is t € A\ m such that tx =0, a
contradiction since Ann(z) C m. O

Proposition 3.21. Let ¢: M — N be an A-module homomorphism. Then the
following are equivalent:

(i) ¢ is injective (respectively surjective),

(ii) ¢p: Mp — Np is injective for all prime ideals P C A (respectively surjec-
tive),

(177) ¢m: My — Ny is injective for all mazimal ideals m C A (respectively
surjective).

Proposition 3.22 (Flatness is a Local Property). Let A be a ring and M be an
A-module. The following are equivalent:

(i) M is a flat A-module,
(ii) Mp is a flat Ap-module for all prime ideals P C A,

(17i) My is a flat An-module for all maximal ideals m C A.

3.3 Ideals in Ring of Fractions

Definition 3.23. Let f: A — B be a ring homomorphism.

(a) Let J be an ideal of B. Then J¢ := f~!(J) is an ideal of A called the
contraction of J via f.

(b) Let I be an ideal of A. The set

n

FI)B:={> bif(a;) |n€N, a; € A, b; € B}

=1

is an ideal in B called the extension of I via f. This is the smallest ideal in
B containing f(I) and is denoted by I°¢.
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Remark 3.24. Let A be a ring, let S C A be a multiplicative set and let
f: A— S71A be the canonical map. Let I be an ideal in A.

(a) The extended ideal I¢ coincides with the (S™!'A)-module S™'7, i.e.,
I°=8"'T={a/s|acl, scS}

The inclusion D is clear since a/s = 1/s-a/1 =1/s- f(a).
We show the inclusion C. Let z € I¢. This means that there are b; € A,
s; € S and a; € I such that

b1a1 bnan
r=—— 4. .+ ="
811 Snl

For 1 <i < nset & :=1][;4s; and s := ]_[;L:1 sj. Then we have

el el
51b Spb
S1b1a1 + ... + Sp0n0 _
T = R e ST
S

(b) If S = A\ p for some prime ideal p, then we denote the extended ideal I¢ by
]—Ap .

(¢) If S ={f"}nen for some element f € A, then we denote the extended ideal
I¢ by IA;.

Proposition 3.25. Let A be a ring, let S C A be a multiplicative set and let
f: A— S7LA be the natural map.

(i) Every ideal in S~*A has the form S™I for some ideal I in A.

(ii) There is a one-to-one inclusion-preserving correspondence between prime
ideals in A which are disjoint from S and prime ideals in S™'A.

(1ii) Let I,J C A be ideals. Let {I,}aca be a family of ideals of A. Then it holds

(a) S—1< T ]a) - Y5,

acA acA
(b) STHINJ)=8S"'InsSJ,
(c) STHIJ) =S8 51,
(d) STHVI) =V S-1I.

For short, the localization operation S™' commutes with formation of sums,
finite intersections, finite products and radicals.
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Corollary 3.26. Let A be a ring and let S C A be a multiplicative set. Then it
holds
SilNA = NS—lA‘

Proof. Apply (iii)(d) of Proposition to the ideal {0}. O

Corollary 3.27. Let A be a ring and let P C A be a prime ideal. Then there is a
one-to-one inclusion-preserving correspondence between prime ideals of Ap and
prime ideals in A contained in P.

Proof. Apply (ii) of Proposition with S = A\ P. O

Proposition 3.28. Let A be a ring and let S C A be a multiplicative set. Let M
be a finitely generated A-module. Then

S~ H(Ann M) = Ann(S™'M).

Remark 3.29. Let A be aring and let P C @) be prime ideals of A. By Proposition
and Corollary there is a one-to-one inclusion-preserving correspondence

between the set
{P' C A prime ideal | P C P' C Q}

and the set of prime ideals of
(A/P)q/p = Aq/PAq,

where the ring isomorphism is given by

a+Q/P a
———— — —+ PAgp.
s+Q/P s e



Chapter 4

Integral Dependence

Definition 4.1. Let A and B be rings such that A is a subring of B. Recall
that this means A C B and 1g € A. In such a situation, A C B is called a ring
extension.

(a) A ring extension A C B is called finite if B is a finitely generated A-module.

(b) A ring extension A C B is called of finite type if B is a finitely generated
A-algebra.

(¢) Let A C B be a ring extension. An element b € B is called integral over A
if there exists a monic polynomial

fi=a2"+ap 12" -+ ag € Al]
such that f(b) = 0.

Remark 4.2. Let A C B be a ring extension and let a € A. Then a is integral
over A since x — a € Alx] vanishes at a.

Remark 4.3. Let A C B be a ring extension and let by, ... ,b, € B. Then we
have the following tower of ring extensions

AC Alpy,... b, C B,

where A[by, ... ,by] is the ring of polynomial expressions in by, ... ,b, with coeffi-
cients in A, introduced in Definition [2.50|(b).

Proposition 4.4. Let A C B be a ring extension and let b € B. Then the
following are equivalent:

(i) b is integral over A,

(ii) A C A[b] is a finite ring extension,

47
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(1ii) There exists a subring C C B containing Alb] and such that A C C' is a finite
Ting extension.

(iv) There exists a faithful Alb]-module M which is finitely generated as an A-
module.

Corollary 4.5. Let A C B be a ring extension and let by, ..., b, be elements of B
which are integral over A. Then the extension A C Alby, ..., b,] is finite.

Corollary 4.6. Let A C B be a ring extension and let C' be the set of all elements
of B which are integral over A. Then C' is a subring of B which contains A.

Definition 4.7. Let A C B be a ring extension. The ring C' from Corollary is
called the integral closure of A in B.

(a) If A= C, then A is called integrally closed in B.

(b) If B = C, then B is called integral over A and the ring extension A C B is
called integral.

(c) If A is an integral domain and B = Q(A), then C is called the integral
closure of A. If A = C, then A is called an integrally closed integral domain.

Corollary 4.8. Let A C B be a ring extension. Then
A C B is finite <= AC B isintegral and of finite type.

Proposition 4.9 (Transitivity of Integrality). Let A C B C C be a tower of ring
extensions such that C' is integral over B and B is integral over A. Then C is
integral over A.

Corollary 4.10. Let A C B C C' be a tower of ring extensions. Then
A CC integral <= A C B and B C C integral.

Corollary 4.11. Let A C B be a ring extension and let C' be the integral closure
of A in B. Then C is integrally closed in B.

4.1 Going-Up Theorem

Lemma 4.12. Let A C B be an integral ring extension.
(i) Let Q be an ideal in B and P := AN Q. Then B/Q is integral over A/P.
(ii) If S C A is a multiplicative set, then S™'B is integral over S™'A.

Lemma 4.13. Let A C B be an integral ring extension, where A and B are
integral domains. Then A is a field if and only if B is a field.
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Proposition 4.14. Let A C B be an integral ring extension. Let (Q C B be a
prime ideal and set P := Q N A. Then P is mazimal in A if and only if Q) is
maximal in B.

Proposition 4.15 (Incomparability). Let A C B be an integral ring extension.
Let QQ and Q)" be prime ideals in B such that Q C Q" and QN A=Q NA. Then

Q=0Q".
Theorem 4.16 (Lying-Over Theorem). Let A C B be an integral ring extension.

Let P C A be a prime ideal. Then there exists a prime ideal Q C B such that
QNA=P.

Proof. Let S := A\ P and denote S~'B by Bp. By Lemma M(u) Bp is integral
over Ap, hence we have the following commutative diagram

A—— B

W

AP(—>BP

where A4, and Ap are the natural maps. Let n be a maximal ideal in Bp and let
m := Ap Nn. By Proposition m is maximal in Ap and since Ap is local, it
holds m = PAp, hence A;'(m) = P. Set Q := A\z'(n). Then @ is prime in B
(because n is prime) and since the diagram above commutes we have

QNA=Xz'm)NA=X'(nNAp) =X;'(m) =P.
O

Theorem 4.17 (Going-Up Theorem). Let A C B be an integral ring extension. Let
P C P, C..-C P, be a chain of prime ideals in A and let Q1 C Q2 C --- C Q)
(where m < n) be a chain of prime ideals in B such that Q;NA = P; for1 <i < m.
Then we can extend this sequence to a sequence Q1 C Q2 C -+ C Qy € Qry1 C
-+ C Q) of prime ideals in B such that Q; N A= PF; for1 <i<n.

Proof. By induction it suffices to show the statement for n = 2, m = 1. We have
the following commutative diagram

A" B

| kE

A/Pl ‘T B/Ql

where i is the inclusion giving the ring extension A C B, j: A/P, — B/Q,
la]p, = [a]g,, and 74 and 7p are the canonical projections. By Lemma B/
is integral over A/P;. By Proposition m Py = m4(P,) is a prime ideal in A/P;.
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Hence, by the lying-over theorem (Theorem D there is a prime ideal Qg in
B/Q: such that Q; N (A/P)) = P,. Set Qy := 75'(Q2). Thus, by Proposition
()2 is a prime ideal in B such that ¢); C ()2 and since the diagram above

commutes we have

Q:NA=75"(Q:)NA=7"(Q:0n(A/P)) =71 (Py) = P».

4.2 Integral Closure

Proposition 4.18. Let A C B be a ring extension and let C' be the integral closure
of Ain B. Let S C A be a multiplicative set. Then STC is the integral closure of
S7tA in S71B.

Proof. By (ii) of Lemma we know that S~'C is contained in the integral
closure of S™'A in S7'B. For the other inclusion, take z/s € S™!B which is
integral over S™'A. Then we have

(2/5)" + (an-1/s0-1)(x/8)" " + -+ + (ao/s0) =0,

where a; € A and s; € S. Set 8’ := s,_1---59. By multiplying the equality above
with (s - s')", we obtain in S™'B

n
(:L’ . sl)n + Z&n—i 318;_1 .. S:L_—ll Cen 86 (l‘ X S/)n_i —0
=1
By definition of equivalence classes in S™!B there is t € S such that
t(“’” )Y 'l s s (e >) =0
i=1
in B, thus multiplying with t"~! we get in B
(I't'sl)n‘i‘zbn—i 8152_1"'32_—11‘"'56 (x,t_8/>n—z =0,
i=1

where b,_; = a,_;t* € A. Hence, x -t - s is integral over A and thus = -t-s’ € C.
Finally,

x x-t-s

== e STIC.

s

s-t-s

For an integral domain being integrally closed is a local property.
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Theorem 4.19 (Integral Closure is a Local Property). Let A be an integral domain.
Then the following are equivalent:

(i) A is integrally closed,
(ii) Ap is integrally closed for all P C A prime ideals,
(1ii) A is integrally closed for all m C A mazimal ideals.

Proof. Let C be the integral closure of A in Q(A) and let f: A — C be the
inclusion map. Observe that f is an A-module homomorphism. We have

A integrally closed <= f is surjetive.

Let P be a prime ideal in A and let S := A\ P. By Proposition the integral
closure of ST'A = Ap in STIQ(A) X Q(A) =2 Q(Ap) is S™'C. Hence,

Ap integrally closed <= fp: Ap — S~IC is surjective.
Now by Proposition we have

f surjective <= fp surjective for all P C A prime ideals

<= fa surjective for all m C A maximal ideals.
O

Example 4.20. Let k be a field. Then k[z1, ..., x,] is an integrally closed integral
domain.

Now we extend the notion of integrality by introducing integrality relative to
an ideal.

Definition 4.21. Let A C B a ring extension and let I C A be an ideal. An
element b € B is called integral over I if there exists a monic polynomial

fi=a"+a, 12"+ +ay € Alx]

with a; € I for all i € {0,... ,n — 1} such that f(b) = 0. The integral closure of I
in B is the set of all elements in B which are integral over I.

Remark 4.22. Let A C B be a ring extension and let I be an ideal in A. Let C'
be the integral closure of A in B and let D be the integral closure of I in B. Any
a € [ is integral over [ since x — a € A[zx] vanishes at a and a € I. Hence, I C D.
Note that at this stage D C C'is just a subset of the ring C'. Indeed, D is an ideal
of C', as shown by the next lemma.

Lemma 4.23. Let A C B be a ring extension, let C' be the integral closure of A in
B and let I C A be an ideal of A and let 1¢ denote the extension of I in C'. Then
the integral closure of I in B is v/I¢. In particular, sums and products of elements
of B which are integral over I are again integral over I.



CHAPTER 4. INTEGRAL DEPENDENCE 52

Proof. C. Let b € B be an element which is integral over I. In particular, b is
integral over A, and thus b € C'. This means that there exist n € N and a; € [
such that o™ + a,_1b" '+ ...+ ay = 0. Since

b":—an,lbnfl—i—...—aoEI'C’:I‘Z,

it holds b € v/Te.
D. Let b € VI¢. Then b" = Zleaici € lI¢*=1-C witha; € I and ¢; € C.

Now consider M := Alecy, ..., c. Since the elements ¢;’s are integral over A, the
ring extension A C M is finite by Corollary .5l Hence, M = Am;y + ...+ Am,
for some m; € M. Set x := b" and observe that x - mq,... ,x-m, € IM. Thus,

similarly as in the proof of Proposition 4.4] (see (iv)=(i)), we obtain
fr=a"+a 12"+ .+

with a; € I for 0 < ¢ < r — 1 such that f-m = 0 for all m € M. Hence, in
particular f = f -1 =0 and we have

(bn)T -+ Oé7«71<bn)ril + ...+t ay= 0,
which implies that b is integral over [. O

Remark 4.24. Let A C B be a ring extension where A and B are integral domains.
Then we have the following commutative diagram

A" B

O
Qa) - Q(B)

where i: A — B is the inclusion giving the ring extension, a: A — Q(A), a — a/1,
f:B—Q(B),b—b/1and j: Q(A) — Q(B), a/s +— a/s.

Proposition 4.25. Let A C B be a ring extension where A and B are integral
domains and A is integrally closed. Let I be an ideal of A and let b € B be integral
over I. Then b is algebraic over Q(A) and if its minimal polynomial (over Q(A))
is t" 4+ ap_ 1t + ..+ ag, then a; € VI.

Proof. The element b (regarded as an element of the field Q(B), see Remark
is obviously algebraic over Q(A). Let u = t" + Y72 a;t* be the minimal
polynomial of b over Q(A) and let L O Q(A) be a splitting field of p over Q(A).
Then g = (t —by)---(t — b,) € L[t] and there is 1 < ¢ < n such that b = b;,.
Without loss of generality, we may assume b = by. If A is the monic polynomial
with coefficients in I such that A(b) = 0, then p | A, hence A(b;) =0 for 1 < i < n.
Thus, by, ... ,b, are elements of L which are integral over I. The coefficients a;
of p are (up to a sign) elementary symmetric polynomials in by, ...,b,. Hence,
by Lemma [4.23] applied to the ring extension A C L the a;’s are integral over I.
Finally, since a; € Q(A) for all i and A is integrally closed, by Lemma applied
to the ring extension A C Q(A) we have a; € /1. O
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Corollary 4.26. Let A C B be a ring extension where A and B are integral
domains and A is integrally closed. Letb € B be integral over A. Then b is algebraic
over Q(A) and if its minimal polynomial (over Q(A)) is t"™ + a, 1t" ' + ... + ao,
then a; € A.

Proof. Take I = A in Proposition O

4.3 Going-Down Theorem

Proposition 4.27. Let f: A — B be a ring homomorphism and P C A be a
prime ideal. Then there is a prime ideal Q C B such that P = f~1(Q) if and only

if P=f"(f(P)B).

Proof. The implication = is easy. Let us show <. Let S := f(A\ P) C B.
Then S is a multiplicative set in B and S N f(P)B = & since by assumption
P = f~Yf(P)B). Hence, S~![f(P)B] is a proper ideal of S™'B. Let m be a
maximal ideal of S™'B such that m 2 S™![f(P)B] and set Q := 7 !(m), where
7: B — S7!B is the natural map. Hence, Q is a prime ideal of B such that
Q2 f(P)Band QNS = @. Since Q 2 f(P)B, we have f~(Q) 2 P. On the
other hand, since QNS =@ and S = f(A\ P), it holds

o= fQNFTANP) 2 fHQ)N(A\P),
hence f~H Q)N (A\ P) =2, i.e., f(Q) C P. Finally, we have f~1(Q)=P. O

Theorem 4.28 (Going-Down Theorem). Let A C B be an integral ring extension,
where A and B are integral domains and A is integrally closed. Let Py O Py D --- D
P, be a chain of prime ideals in A and let Q1 O Q2 2 -+ 2 Q (where m < n)
be a chain of prime ideals in B such that Q; N A = P; for 1 <i <m. Then we
can extend this sequence to a sequence Q1 2 Q3 D -+ D Qp 2 Qa1 2 -+ 2 @y
of prime ideals in B such that Q; NA=P; for1 <i<n.

Proof. As in the proof of the going-up theorem, we may assume n = 2, m = 1.
We have the following commutative diagram

A,{ \f\ L\B (4.1)

where ¢ is the inclusion giving the ring extension, the natural maps A4 and Ag are
injective because A and B are integral domains and j: Ap, — Bg,, a/s — a/s, is
a well-defined map since A\ P, C B\ @; and it is injective since B is an integral
domain. We set f:=joA4 = Agot.
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We claim that there is a prime ideal Qs C Bg, such that P, = f (Qg)
we show this, the assertion of the theorem follows, since Qy = A5 (Qs) fulﬁlls
Py, = Q2N A (because the diagram is commutatlve!) and (0 C @1 by Corollary
B.27

By Proposition , it suffices to show that P, = f~!(f(P»)Bg,). Since f is
injective, we have to show that P, = AN % Bg,. Clearly, P, € AN PBg,. Let
us show the inclusion D. Take z € AN PBy,. Since x € P,Bg,, then x = y/s
with y € P,B and s € B\ )1. The element y is integral over P, by Lemma m
applied to the integral extension A C B. Hence, by Proposition the minimal
polynomial of y over Q(A) is of the form

"+ " Fag € Q(A)[t]

1

with a; € P,. Since in Q(B) we have s = yz~! with 27! € Q(A) (because x € A),

the minimal polynomial of s over Q(A) is

£+ Boal™ o+ Bit + fo € Q(A)E]

where 3; = ayz~ ™ for 0 < i < n — 1. Since s € B is integral over A, then by
Corollary we have (3,_; € A. Moreover, it holds

Bix" =, € P, forall0<i<mn-—1.

If we assume by contradiction that x ¢ P,, then 5; € P, for 0 <1i < n — 1 since

P, is prime. But then s" = —f3,_15" ' — B,_95" 2 — ... — By € P,BC P,B C Q,
thus s € @ since @) is prime. This contradicts s € B\ @)1, and hence it must
hold x € P,. Finally, we showed P, = AN P,Bg,. O

Remark 4.29 (Fake Proof of the Going-Down Theorem). A natural (but wrong!)
attempt of proving the going-down theorem might have been the following.

Consider diagram (4.1)). Take the extension PQAPl of P, via A4. Since Py Ap,
is prime, by the lying-over theorem (Theorem there exists a prime Qg in Bg,
such that Qs N Ap, = PyAp,. Set Qs := \5'(Q2). By Corollary 27/ Q5 is a prime
ideal such that @) C Q)1. Moreover, since diagram (4.1) commutes we have

Q2NA=25"(Q2) N A=A (Q:NAp) = A (PAp,) = Po.

Everything seems to be correct, but there is a subtle mistake. The problem is that
we are not allowed to apply the lying-over theorem since we do not know if the
ring extension Ap, C By, is integral! In fact, we localize A and B with respect
two different multiplicative sets, namely A\ P, and B \ @1, respectively. Hence,
we cannot apply Lemma M(u) to the ring extension Ap, C B, .
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Noetherian Modules and Rings

We start with two easy, but important lemmata.
Lemma 5.1. Let (X, <) be a partially ordered set. The following are equivalent:

(i) ¥ satisfies the ascending chain condition (ACC), that is, if we have an
ascending chain r1 < 9 < ..., then there exists n € N such that x,, = x,
for all m > n,

(ii) X satisfies the maximal condition, that is, every nonempty set in ¥ has a
mazimal element.

Lemma 5.2. Let (X, <) be a partially ordered set. The following are equivalent:

(i) ¥ satisfies the descending chain condition (DCC), that is, if we have a
descending chain xy = x5 > ..., then there exists n € N such that z,, = x,
for all m > n,

(ii) ¥ satisfies the minimal condition, that is, every nonempty set in X has a
minimal element.

Example 5.3. (a) Let ¥ := {1/n | n € N5y} and let < be the usual < between
real numbers. Then (X, <) satifies the ACC (or equivalently, the maximal
condition).

(b) Let ¥ :={1—1/n|n € Ny} and let < be the usual < between real numbers.
Then (3, <) satifies the DCC (or equivalently, the minimal condition).

Definition 5.4. Let A be a ring and let M be an A-module. Let > be the set of
submodules of M ordered by inclusion.

(a) M is called Noetherian (after Emmy Noether) if ¥ satisfies the ACC (or
equivalenty, the maximal condition).

(b) M is called Artinian (after Emil Artin) if ¥ satisfies the DCC (or equivalenty,
the minimal condition).

25
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Proposition 5.5. Let M be an A-module. Then M is Noetherian if and only if
every submodule of M is finitely generated.

Proof. “=". Assume by contradiction there exists a submodule N C M that is
not finitely generated. Pick n; € N, then ny € N\ Any and so on. The sequence
Any € Any + Any € ... is an ascending chain of submodules which does not
stabilize, a contradiction since M is Noetherian.

“<” Let Ny € Ny C ... be an ascending chain of submodules of M. Since

the submodule 72, [V; is finitely generated, there are generators ny,...,ng. Thus,
for 1 <i <k there is j; € N such that n, € N;, and for j := max{j; | 1 <i <k}
it holds ny,...,n; € N;. Hence, U;2; = N; and N,,, = Nj; for all m > j. O]

Proposition 5.6. Let My, M,, M3 be A-modules and let

B

0 M1 2 MQ M3 — 0

be a short exact sequence. Then

(i) My is Noetherian if and only if My and Mj are Noetherian.
(i) My is Artinian if and only if My and Ms are Artinian.

Proof. Both statements are proven in precisely the same way. We will just prove
(i).

“=". Assume N; C Ny C ... is an ascending chain of submodules in M3. Then
BH(Ny) C B71(Vy) C ... is an ascending chain of submodules in M, which is
stationary since M, is Noetherian. Since [ is surjective, for a subset X C Mj it
holds 5(871(X)) = X. Thus, the sequence N; C N, C ... must be stationary.

If P C P, C ... is an ascending chain of submodules in M, then a(P;) C
a(Pp) C ... is a sequence of submodules in M, which stabilizes since My is
Noetherian. Since « is injective, for a subset Y C M; it holds o *(a(Y)) = Y.
Thus, P, C P, C ... must stabilize.

“«<=". By Proposition |[5.5| it is enough to show that any submodule of M, is
finitely generated. Let Ny C M, be a submodule. Define Ny := a~*(N,) and
N3 := B(N). Hence, the sequence

ANy Biny

0 Ny N, N3 0

is exact by construction. The modules N; and N3 are finitely generated by
Proposition [5.5] since they are submodules of Noetherian modules. Hence, by
Exercise 4(a) from Exercise Sheet 3 the module N is finitely generated and so M,
is Noetherian.

Alternatively, let Ny C Ny C ... be an ascending chain of submodules in
M,. Then a'(N;) € a™*(N,) C ... is an ascending chain of submodules in
My, which is stationary since M; is Noetherian. Hence, there exists k1 € N such
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that a='(N,,) = a7 (N,) for all m > k;. Moreover, 3(N;) C S(Ny) C ... is an
ascending chain of submodules in M3, which is stationary since Mj is Noetherian.
Hence, there exists ko € N such that G(NV,,) = B(Ny,) for all m > ky. Set
k := max{ky, ks }. Then for all m > k it holds

O‘_I(Nm):a_l(Nk) and  B(Np) = B(Nk).

Now we show that N,, = N, for all m > k. Since N, C N,, already holds, we need
to show only N,, C Ny. Let © € N,,. Then g(z) € 5(N,,) = 5(Ng), thus there
exists y € Ny such that 5(x) = f(y). This implies that x —y € ker § = im «, hence
there exists z € M; such that  —y = a(z). Since z,y € N,,, then z € a1(N,,) =
a1 (Ny), and thus a(z) € Ni. Finally, we have © = y + a(z) € Ny O

Corollary 5.7. Let A be a ring, let I be a finite index set and let {M;};cs be family
of Noetherian (respectively Artinian) A-modules. Then @,c; M; is Noetherian
(respectively Artinian) as well.

Proof. By induction, it suffices to show the statement for n = 2. We have the short
exact sequence 0 — M; — My & My — My — 0. Now use Proposition [5.6] O

Definition 5.8. A ring A is called Noetherian (respectively Artinian) if it is
Noetherian (respectively Artinian) as a module over itself.

Proposition 5.9. Let A be a Noetherian (respectively Artinian) ring and M be a
finitely generated A-module. Then M is Noetherian (respectively Artinian) as well.

Proof. By Corollary , A" = @7 | A is Noetherian (respectively Artinian) for
every n € N. By Proposition [2.21] every finitely generated A-module is a quotient
of A™ for some n € N. Finally, use Proposition [5.6| O]

Proposition 5.10. Let A be a Noetherian (respectively Artinian) ring and let
M and N be finitely generated A-modules. Then Homu (M, N) is a Noetherian
(respectively Artinian) A-module.

Proof. Both statements are proven in precisely the same way. We will just prove the
Noetherian case. Since M is finitely generated, there is a surjective homomorphism
p: A" — M, ie. M = A"/ker p. Thus, we have an injective A-linear map (see
Proposition [2.32(1)):

©: Homu (M, N) — Homyu (A", N), 6+ 0o .

By Proposition 5.6} it suffices to show that Hom (A", N) is Noetherian. Observe
that, if eq,...,e, are the canonical generators of A", we have an A-module
isomorphism

Homyu (A", N) = N™,  f+——(f(e1),..., f(en)).

Now, since A is Noetherian and N is finitely generated, N is Noetherian by
Proposition [5.9] Finally, by Corollary [5.7] N™ is Noetherian, and we are done. [
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Corollary 5.11. Let A be a Noetherian (respectively Artinian) ring and let M
be a finitely generated A-module. Then the dual module M* := Homa (M, A) is a
Noetherian (respectively Artinian) A-module.

Proof. Apply Proposition [5.10] with N = A. O

Let A be a Noetherian ring. By Hilbert’s basis theorem (Theorem the
polynomial ring A[X7, ..., X,] is also Noetherian. This is a way to construct new
Noetherian rings from a given one. We now discuss some further constructions
that produce new Noetherian (respectively Artinian) rings from existing ones.

Proposition 5.12. Let A be a Noetherian (respectively Artinian) ring and let
I C A be an ideal. Then A/I is a Noetherian ring (respectively Artinian).

Proof. Consider the short exact sequence of A-modules 0 -1 — A — A/I — 0.
By Proposition [5.6| A/ is a Noetherian (respectively Artinian) A-module. Since
the submodules of A/ as an A-module coincide with the ideals of A/, we have
that A/I is a Noetherian (respectively Artinian) ring. O

Corollary 5.13. Let ¢: A — B be a surjective ring homomorphism. If A is
a Noetherian (respectively Artinian) ring, then B is a Noetherian (respectively
Artinian) ring as well.

Proof. Observe that the ring B is isomorphic to A/ ker ¢. Apply now Proposition
0. 12 O

Proposition 5.14. Let A be a Noetherian (respectively Artinian) ring and let
S C A be a multiplicative set. Then S™'A is a Noetherian (respectively Artinian)
Ting.

Proof. Both statements are proven in precisely the same way. We will just prove
the Noetherian case. Let f: A — S7!'A, a — a/l, and let I; C I, C ... be
an ascending chain of ideals in S™'A. Then f~'(I;) C f () C ... is an
ascending sequence of ideals in A which stabilizes beacause A is Noetherian. Since
ST f~1(1;)) = I; for all j € N, we have that I; C I, C ... stabilizes as well. [

Corollary 5.15. Let A be a Noetherian (respectively Artinian) ring.

(i) Let P C A be a prime ideal. Then Ap is a Noetherian (respectively Artinian)
ring.

(11) Let f € A. Then Ay is a Noetherian (respectively Artinian) ring.
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